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PREFACE 

This  report  is  a  thorough  summary  of  the  theory  of  large  array  antennas,  with 
emphasis  on  electronic  scanning  ("phased  array”)  radar  applications.  It  was 
originally  prepared  as  one  of  the  chapters  for  a  radar  text,  but  is  being  issued 
in  tliis  form  due  to  the  current  lack  of  any  comprehensive  treatise  on  arrays 
that  emphasizes  the  large-number-of-radiators  case  and  electronic  scanning 
effects.  The  treatment  is  comprehensive,  covering  the  theory  of  error-free 
arrays  of  Isotropic  radiators,  arrays  of  real  radiators,  and  the  effects  of 
errors  on  array  patterns  and  properties.  The  report  concludes  with  a  survey 
of  methods  of  feeding  and  phasing  large  arrays.  Th*'  rnd  pres¬ 

entation  of  useful,  approximate  results  is  emphasized,  with  all  but  the  most 
vital  or  simple  derivations  referenced  to  an  extensive  bibliography. 

The  text  was  originally  written  in  early  1961,  and  materially  revised  in  1962 
after  its  presentation  as  part  of  aiiM.I.T.  summer  lecture  series.  Only  minor 
revisions  and  additions,  reflecting  results  deemed  to  be  of  unusual  significance, 
have  been  Inserted  since  that  time. 

The  author  would  llketo  acknowledge  the  contributions  of  the  other  members  of 
the  Lincoln  Laboratory  Phased  Array  Project  who,  by  virtue  of  the  alphabet, 
became  the  ''ot  al.”  of  the  frequently  cited  "Allen,  ^ 
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THE  THEORY  OF  ARRAY  ANTENNAS 
(with  Emphasis  on  Radar  Applications) 


I 


I.  INTRODUCTION 

Whenever  more  than  a  single  radiating  source  is  used  in  an  antenna,  the  collection  of 
radiators  or  "elements"  is  generally  referred  to  as  an  "array."  The  use  of  multiple  discrete 
sources  provides  more  degrees  of  freedom  in  antenna  design,  permitting  more  control  over  the 
radiation  pattern  of  the  antenna,  than  can  be  conveniently  obtained  witii  a  continuous  source.  Fur¬ 
ther,  the  circuitry  that  interconnects  the  antennas  may  contain  time-varying  components,  so  that 
a  time-varying  antenna  pattern  may  be  generated.  In  particular,  if  the  element  excitation  am¬ 
plitudes  are  held  fixed  and  the  element  phase  is  varied  in  a  simple  manner,  the  beam  from  the 
antenna  can  be  moved  rapidly  without  bulk  physical  motion  of  the  antenna.  Such  an  antenna  i:i 
commonly  referred  to  as  a  "phased  array."  The  concept  of  such  arrays  predates  World  War  11; 
an  early  example  was  the  MUSA  (multiple  unit  steerable  antenna)  system.^^  By  the  use  of  low- 
inertia  mechanical  phase  shifters,  rapid  scanning  can  be  obtained  and.  if  electronic  phase  shifters 

are  used,  an-called  "inertialess  scanning"  or  "electronic  scanning"  results  and  beams  can  be 

•> 

pointed  in  a  random  manner  over  wide  angles  in  times  of  the  order  of  a  microsecond.  ESAR, 
an  example  of  an  electronic  scanning  array  radar,  is  shown  in  Fig.  1. 

The  scanning  flexibility  of  phased  arrays  can  be  profitably  utilized  in  radar  to  achieve  in- 
creased  detection  and  parameter  estimation  performance  for  a  given  power  level.  In  addition, 
some  array  configurations  may  conveniently  use  multiple  power  source, s,  driving  separate  ele¬ 
ments  or  groups  of  elements  to  achieve  tremendous  peak  powers.  This  high  peak  power  capa¬ 
bility  can  lead  to  enhanced  radar  range  resolution  in  confusing  multiple  target  situalions  and  may 
also  provide  "burn-through"  capability  in  a  jamming  situation. 

It  is  the  use  of  array  antennas  as  phased  arrays  that  will  be  the  principal  subject  of  this  re¬ 
port,  although  the  treatment  will  not  bo  completely  divorced  from  other  applications  of  arrays 
useful  in  radar. 

Since  it  has  been  pointed  out  that  the  term  "array"  can  encompass  everything  from  a  two- 
horn  monopulse  feed  to  an  "acreage"  of  hundreds  or  thousands  of  antennas  and  associated  elec¬ 
tronic  components  (Fig.  2),  a  wide  choice  of  array  techniques  exists  to  help  the  system  designer 
meet  his  radar  problems.  Arriving  at  the  best  compromise  of  all  the  conflicting  requirements 
demands:  (a)  familiarity  with  the  many  configurations  that  arrays  can  assume,  (b)  knowledge  of 
the  limitations  and  complexities  of  arrays  In  general  and  of  specific  configurations,  and  (c)  knowl¬ 
edge  of  the  requirements  that  the  array  configuration  places  on  individual  component  performance 
and  utilization. 

1 5et]iiential  numbers  are  aaaigncd  for  the  References  on  pp.  93  through  %, 
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Fig.  1 .  ESAR—  elactronic  icannlng  array  radar.  The  iloptng  face  contains 
approximately  eight  thousand  antennas  Imbedded  in  plastic.  (Courtesy  of 
the  Bendtx  Corporation.) 
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Fig.  2.  Antenna  "form."  38-Mcps  dipole  array  for  Lincoln  Laboratory 
solor  radar  (El  Campo,  Texas). 


Consequently,  in  this  report,  we  shall  attempt  to  set  forth  some  of  the  theoretical  and  prac¬ 
tical  considerations  involved  in  the  design  of  radar  systems  that  use  arrays.  Primary  attention 
will  be  directed  toward  arrays  of  large  numbers  of  elements,  and  useful  approaches  to  this  case 

be  emphasized. 

The  first  part  of  the  report  will  deal  with  the  theory  of  array  antennas,  since  it  is  the  be¬ 
havior  of  the  array  as  an  antenna  that  dictates  the  electronic  component  requirements  peculiar 
to  array  radar  systems.  The  performance  of  the  array  antenna  will  be  examined  in  terms  of 
the  exciting  currents  in  the  elements  of  the  array,  with  atiention  to  the  way  in  which  such  cur¬ 
rents  are  physically  achieved  left  to  the  second  part  of  the  report.  The  emphasis  in  the  theory 
section  will  be  on  obtaining  useful  and  approxijiiate  results,  with  detailed  derivations  given  in 
the  References. 

Following  the  theoretical  section,  techniques  for  realizing  the  drive  circuits  for  arrays  will 
be  examined,  with  some  of  the  merits  and  potential  pitfalls  of  various  techniques  briefly  dis¬ 
cussed.  Attention  will  be  directed  toward  a  few  selected  basic  techniques,  since  space  does  not 
allow  us  to  pursue  the  many  interesting  variations  that  are  possible. 

We  shall  not  Include  a  discussion  of  the  properties  of  specific  types  of  the  various  classes  of 
components  (i.e.,  types  of  radiators,  phase  shifters,  transmitters,  receivers,  etc.)  for  array 
use.  The  present  total  experience  in  this  area  is  both  limited  and  rudimentary,  and  any  dis¬ 
cussion  would  be  doomed  to  early  obsolescence.  Reference  to  components  will  consequently  be 
limited  to  examining  the  general  requirements  that  the  array  configuration  dictates, 

n.  SURVEY  OF  THE  THEORY  OF  ARRAY  ANTENNAS 


We  shall  begin  the  discussion  of  array  theory  with  the  simplest  configuration  possible:  ar¬ 
rays  of  isotropic  radiators  equally  spaced  along  a  line  (linear  in  a  geometric  sense).  It  will  be 
seen  that  most  of  array  theory  can  be  framed  as  an  extension  of  this  simple  case,  and  from  linear 
arrays  wo  sliull  proceed  to  two-  and  three-dimensional  arrays.  The  theory  of  arrays  of  isotropic 
radiators  will  then  be  extended  and  modified  to  apply  to  arrays  of  real  elements.  Tlio  survey 
concludes  with  an  examinalion  of  the  effects  of  errors  on  array  performance. 

I'o  simplify  and  contain  the  material  presented,  a  few  restrictions  in  scope  and  principal 
assumptions  will  be  adhered  to  in  this  repoi't: 


(a)  For  practical  radar  purposes,  targets  of  interest  will  lie  in  the  ”far-ficld" 
region  of  U»e  aiitunna,  commonly  defined  by  ranges  R  satisfy ing 


H^2 


(1) 


where  L  is  the  greatest  dimension  of  the  antenna,  and  K  is  the  operating 
wavelength.  It  is  this  region  to  which  attention  will  be  directed  in  most  of 
this  report.  In  this  region,  the  antenna  pattern  is  insensitive  to  range  ex¬ 
cept  for  a  scale  factor  of  1/R^  in  power,  which  will  usually  be  ignored. 

(b)  The  reciprocity  theorem"*  will  be  used  extensively  to  justify  analysis  of 
array  far  fields  from  either  the  transmitting  or  receiving  viewpoint,  as 
convenient  at  the  moment,  and  usually  without  explicit  mention.  By  virtue 
of  this  theorem,  the  pattern  will  be  the  same  in  either  case  if  no  non- 
reciprocal  devices  are  used.  Where  such  devices  are  used,  one  can  usually 
perform  pattern  analysis  neglecting  their  presence. 

(c)  For  simplicity,  interest  will  be  restricted  to  response  of  arrays  to  con¬ 
tinuous  wave  (CW)  signals  in  most  sections,  with  discussion  of  transient 
phenomena  confined  to  the  last  part  of  Sec.  II-A-3. 
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A.  Linear  Arrays  of  Isotropic  RadlatorK 


The  predominant  factor  in  array  pattern  behavior  is  the  placement  of  the  Individual  antenna 
elements  and  the  manner  In  which  they  are  interconnected.  The  characteristics  of  the  individual 
elements,  assuming  they  are  nominally  identical,  have  a  secondary  effect.  Thus  a  study  of  ar¬ 
rays  of  isotropic  radiators  produces  useful  results  for  later  extension  to  more  realistic  cases 
•.vithout  undue  complication. 


Fig.  3.  Radar  configuration  uting  linear  arrayi  for  both  tranimlillon 
and  reception. 

The  simplest  geometric  configuration  is  the  linear  array  which,  in  addition  to  serving  as 
a  study  vehicle  tor  two-  and  three-dimensional  array  behavior,  often  constitutes  a  useful  antenna 
concept  in  its  own  right.  For  example.  Fig.  3  illustrates  a  radar  concept  using  linear  arrays  in 
two  different  ways.  For  transmiasion,  arrays  of  shaped  radiators  are  used  to  provide  the  de¬ 
sired  coverage  in  elevation,  with  high  radiated  power  attained  by  the  use  of  multiple  transmitting 
tubes  driving  the  transmitting  arrays.  The  receiving  arrays,  in  conjunction  with  the  reflector, 
form  a  "stack"  of  "pencil"  beams  in  elevation.  Each  beam  has  the  sensitivity  associated  with 
a  single -beam  array. 

Furtliermore,  since  linear  arrays  are  easier  to  fabricate  as  well  as  to  analyze,  two-  and 
three-dimensional  arrays  are  often  constructed  of  interconnected  linear  arrays.  Consequently, 
this  section  will  be  devoted  exclusively  to  a  study  oi  linear  arrays. 

1.  Linear  Array  Factors  and  Array  Functions 

Let  us  consider  the  elementary  array  of  Fig.  4,  consisting  of  four  isotropic  radiators,  equally 
■spaced  a  distance  D  apart.  If  a  plane  wave  is  incident  upon  the  array  from  a  direction  making 
an  angle  4  with  the  x-y  plane,  the  current  in  the  n^*’  element  will  be  of  the  form^ 

=  E  exp(jnkD  sin{)  ,  (2) 


t  Hie  real  pan  of  this  expression  and  those  that  follow  is  to  be  implicitly  underalood. 
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where  E  Is  a  complex  constant  related  to  the  Instantaneous  amplitude  and  phase  of  the  wave,  and 
k  is  the  wave  number 

i,  -  ii  -  2ir 

where  c  is  the  velocity  of  light. 

The  verbal  statement  of  Eq.  (2)  Is  that  the  current  In  the  n*^  element  leads  that  in  the  n  —  i 
element  by  a  phase  shift  due  to  the  difference  in  time  of  arrival  r  of  a  reference  "point"  on  the 
plane  wave  of 


If  we  place  a  "box"  behind  the  n**’  antenna,  as  indicated  in  the  figure,  with  a  transfer  coef¬ 
ficient  lor  tlie  n^^  box  of 

Tr  =  a„exp[j«>„]  , 

n 

where  and  are  the  real  current  gain  and  phase  shift  of  the  box,  the  summing  network  pro¬ 
duces  an  output 

3 

A(U  =  Yj  exp[J(^^  +  nkD  8in4)]  .  (3) 

n-o 

where  we  now  neglect  the  constant  E  of  Eq.  (2).  This  relationship  gives  the  response  of  the  array 
of  Fig.  4  to  a  signal  arriving  from  a  direction  |  in  terms  of  the  set  of  a^^'s  and  A  similar 

analysis  would  show  that  the  same  expression,  except  '  constants  and  factors  of  l/R,  gives  the 
far-field  radiated  pattern  at  an  angle  4  when  the  array  ii-ansiuits. 

Consequently,  tor  either  transmission  or  reception,  we  can  extend  the  above  reasoning  to 
write  the  angular  variation  of  the  far  field  of  any  N-element  linear  array  of  the  geometry  of  Fig.  5 
as 

N-1 

A(4)  =  2  i^  expfjnkD  sln4]  ,  (4a) 

n=o 


where  the  complex  current 
ip  = 

is  the  current  flowing  into  the  n^**  antenna  (the  1'  of  Fig.  4)  when  the  array  is  transmitting,  and 

th  ” 

the  current  flowing  into  the  n“*  input  of  the  adder  circuit  (i^  of  Fig.  4)  when  receiving.  Note  that 
A(4)  does  not  depend  on  the  angle  <p ,  since  we  have  assumed  that  the  radiators  are  isotropic. 

The  expression  of  Eq.  (4)  is  a  basic  relationship  of  array  theory  and  is  called  the  "array 
factor ."t  The  set  of  coefficients  a^^  are  usually  called  the  array  amplitude  "taper,"  while  the 
are  the  phase  taper.  Tlie  combined  results  (the  i„'s)  are  often  referred  to  as  the  array 
"illumination." 


fThU  lerminoloi^  is  b}r  no  means  universal.  Schelkunuff  (Ref,  5}  and  Silver  (Ref,  4,  p.  260)  call  A(^)  the  **spnce  factor*'  and 
reaerve  the  tetm  "array  factor**  for  the  power  pattern,  |A(^p,  However,  precedence  exiata  for  our  choice  [see  King  (Ref.  6, 
pp.  579-580)]. 
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It  is  frequently  more  convenient  to  deal  with  the  related  function 
N-1 

=  Z  in^xpUnkOo]  (5) 

11=0 

which  we  shall  denote  an  “array  function”  in  contrast  to  the  array  factor  A(^).  It  is  obvious  that 
A(u)  and  A(4)  are  related  by  a  one-to-one  mapping  in  the  region  |y|  1,  by  the  identification 

v=  sin^.  It  is  also  apparent  that  A(u)  is  a  periodic  function  of  v  of  period  2ir/kD  =  l/(t>A),  and 
that  Eq.|5)  is  of  the  form  of  a  Fourier  series  representation,  a  fact  of  practical  utility  and  an 
aid  in  visualization. 

For  example,  if  we  take  ij,  “  ^ it  is  easily  shown  thatt  for  an  N-element  array, 

ND 

sinir 

A(u)  =  - g -  exp(jir(N~  i)  ^  y]  .  (6) 

sin  ^  ^ 

This  special  case  is  termed  “uniform"  Illumination.  A  plot  of  the  amplitude  of  A(u)  for  an  8- 
element  array  is  shown  in  Fig.  6,  illuslraling  the  general  structure  of  the  array  function.  There 
arc  several  "major  lobes"  shown  of  amplitude  N.  The  one  at  broadside  (v  =  0)  is  generally  re¬ 
ferred  to  as  the  "princij>al  lobe"  or  main  beam,  and  the  others  os  "grating  lobes"  from  the  cor¬ 
responding  phenomena  with  optical  gratings. 

Figure  6  also  illustrates  a  method  for  constructing  the  array  factor  from  the  array  function. 

A  semicircle  of  unit  radius  (corresponding  to  u  =  max  |  sin ^  |  =  1)  is  centered  under  the  array 
function  and  the  army  factor  plotted  by  mapping  onto  the  somicirolc  as  indicated.^  The  region 
I  u  1  ^  1  that  corresponds  to  real  angles  4  is  often  referred  to  as  the  region  of  the  array  function 
"visible  space." 

2.  Linear  Array  Patterns 

A  question  that  Kq,(5|  raises  is  how  to  best  choose  the  i^^'s  to  synthesize  a  "desirable"  far- 
ficld  pattern. 

The  only  explicit  properties  of  the  antenna  that  appear  in  the  radar  equation  are  the  inter¬ 
related  factors  of  effective  aperture  and  gain.  However,  other  system  considerations,  such  a.s 
resolution  requirements  and  coverage  requirements,  usually  dictate  furtljor  constraints  on  the 
pattern.  Generally  speaking,  the  system  requirements  tend  to  dictate  the  selection  of  beam 
"structure"  from  among  two  classes:  (a)  narrow,  directive  beams  (so-called  "pencil"  beams) 
in  which  desirable  compromises  between  high  gain,  low  sidelobes  and  a  narrow  main  beam  arc 
paramount,  but  in  which  the  exact  shape  of  the  pattern  .is  unspecified,  or  (b)  beams  of  a  specified 
shape  in  the  main  beam  region  with  all  other  considerations  secondary. 

From  Eq.  (5)  we  appear  to  have  many  degrees  of  freedom  at  our  di.sposal  for  synthesis.  How¬ 
ever,  a  closer  examination  indicates  that  some  are  of  limited  utility. 


t  Sec,  for  example,  Kraua  (Hcf.  7,  Ch.  4,  Sec.  6). 

t  For  investigation  of  spacing  effects,  it  is  often  more  useful  to  plot  A(l3/Av),  in  which  case  only  the  semicircle  rodius  varies 
with  D//\.  Tlie  resulting  array  functions  arc  often  called  “universal  array  functions’*  (see  Ref.  7,  pp.  521*.^34). 
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First,  we  have  the  number  of  elements  and  their  placement.  The  choice  of  the  number  of  an¬ 
tenna  elements  will  be  seen  to  depend  ultimately  upon  beamv'tiJth  and  antenna  gain  considerations. 

There  is  no  obvious  reason  why  we  should  restrict  the  elements  to  equal  spacing,  as  Eq.(5)  in- 
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dicates,  and  the  use  of  unequal  spacings  has  been  investigated.  '  It  can  be  shown  that  while  such 
techniques  can  suppress  grating  lobes  by  rendering  the  aiu‘ay  factor  nonperiodic,  they  do  so  only 
at  the  expense  of  a  markedly  higher  sidelobe  level  in  the  regions  of  the  pattern  removed  from 
the  main  beam.^^  Such  arrays  also  encounter  practical  difficulties  when  real  antennas  are  used^^ 
(see  also.  Ref.  12,  Part  3,  Ch.I).  Therefore,  we  shall  confine  our  attention  to  arrays  of  equally 
spaced  elements. 

Second,  we  can  vary  the  phase  of  the  elements  of  the  array.  To  assess  the  effects  of  phase 
tapering,  we  can  expand  any  phase  taper  in  a  Taylor  series  about  the  array  center  as 

ii'n  =  +  (n  -  %)  +  (n  -  +  (n  -  0:3  +  ... 

and  write 

N-1 

A(u)  =  exp{i(Qr^  +  (n  -  n^)  +  (n  -  +  (11  -  .  .  .  +  nkDu]} 

n=o 

If  we  set 

a  -  n  a, 
o  o  1 

“i  = 

“2  ■  “3  ■  •  •  •  “  ^ 

wo  have 


N-1 

A(u)  "  ,  (8) 

n-o 


indicating  tliat  linear  phase  (constant  phase  differential)  across  the  array  "steers"  the  beam  to 
a  new  point’ng  direction  given  by  n ^  of  Kq.  (7).  Although  we  shall  elaborate  on  beam  steering 
and  its  effect  on  the  array  factor  at  length  in  Sec.  n-A-3,  for  the  array  function  it  represents 
only  a  change  of  variable  and  will  therefore  not  be  explicitly  considered  in  the  remainder  of  this 
section. 

The  effects  of  the  quadratic  and  cubic  phase  terms  cr.^  and  have  been  investigated  (Ref.  4, 
bee.  6.7)  and  generally  found  deleterious  for  directive  beams.  Although  this  writer  is  not  aware 
of  explicit  studies  o2  higher-order  phase  variation,  it  docs  seem  reasonable  to  conclude  that  it 
has  little  to  offer  for  generating  directive  beams,  although  it  is  used  as  a  technique  for  beam 
shaping. 

Thus  the  number  of  variables  we  shall  concentrate  most  of  our  attention  on  have  been  reduced 
to  the  number  of  elements  N,  their  amplitudes  a^,  and  to  a  lesser  extent,  their  phases.  We 
shall  see  that  the  pattern  can  be  shaped  by  using  either  a  range  of  (amplitude  tapering)  or 
the  binary  choice  a^  =  0  or  1  (density  tapering).  Before  explicitly  considering  these  choices  (the 
so-called  "synthesis"  problem)  further,  let  us  digress  to  extend  our  base  of  attack. 
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Use  of  Line  Source  Techniques  for  Linear  Arrays?-  Note  from  Eq.  (6)  that  the  pat¬ 
tern  of  the  uniformly  illuminated  array  is,  tor  large  N  and  small  v,  of  the  form  (ignoring  the 
phase  term) 


...  sin(TLA)u 

(rL/Mu 


L  =  ND 


This  behavior  is  the  same  as  wo  should  expect  from  a  continuous  line  source  of  length  L,  illumi¬ 
nated  by  an  equiphase,  constant  amplitude,  linear  current  density,  as  derived  from  the  relation¬ 
ship  for  continuous  distributions 


A^(ul 


I 


i(z)  exp[ikzu]  dz 


(9) 


it  we  can  justify  extending  tliis  one  example  into  a  general  conclusion  that  the  patterns  of 
arrays  (discrete  radiators)  and  continuous  sources  are  similar,  many  of  tlie  results  of  the  ex¬ 
tensive  studies  of  continuous  antennas  can  be  applied  to  arrays  with  confidence.  Thus  tlie  ques¬ 
tion  of  unportam-R  is  tim  riegree  of  similarity  between  a  continuous  antenna  with  illumination  i(z) 
and  an  "equivalent  array"  with  illumination  i^  ^  i(nD). 

It  is  apparent  that  certain  nonnegligible  differences,  particularly  the  possibility  of  grating 
lobes,  exist  between  the  array  function  and  the  corresponding  line  source  function.  However, 
wc  siiail  see  in  Scc.II-D-t  that  the  sidelobe  .structure  in  regions  where  t!ie  sidelobes  are  very 
low  is  mainly  dictated  by  errors,  not  design,  and  we  need  not  be  particularly  concerned  with 
accurate  predictions  of  the  detailed  sidelobe  structure  in  this  region.  Consequently,  the  relevant 
region  of  importance  for  a  similarity  argument  is  that  of  the  principal  lobes  and  the  high  side- 
lobes  near  the  principal  lobes.  The  shape  of  the  array  function  in  grating  lobe  regions  is  iden¬ 
tical  to  its  sluipe  in  the  main-lobe  region.  The  locations  of  tlio  grating  lobes  must,  however,  bo 
determined  from  the  discrete  model. 

Altliougti  it  is  difficult  to  formulate  a  useful,  general  argument  regarding  similarity, 
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studios  '  show  that  generally  good  results  are  obtained  using  Rq.  (9)  to  prediut  the  shape  of 
directive  beams  for  arrays  of  10  or  more  elements  down  to  sidelobe  levels  of  EOdb,  and  down 
to  40  db  f(ir  a  16-elernent  array.  Since  these  numbers  of  elements  are  modest  for  long-range 
radar  applications,  it  is  concluded  that  Kq.(9)  gives  a  satisfactory  represontation  of  the  shape 
of  the  array  factor  for  most  applications. 

Thus,  for  large  arrays,  wc  shall  tacitly  assume  that  cither  13q.  (5)  or  (9)  is  a  valid  repre¬ 
sentation  of  A(r)  in  the  region  around  any  principal  lobes,  permitting  the  use  of  summation  or 
integral  representations  for  the  array  functions  as  convenient. 

Array  Pattern  Directivity  and  Beamwidth;—  The  far-field  pattern  properties  of  most 
frequent  concern  to  the  array  designer  are  the  array  gain,  sidelobe  levels,  and  beamwidth.  Un¬ 
fortunately,  the  concept  of  gain  involves  the  impedance  properties  of  real  elements  and  must  be 
deferred  to  Sec.  II-C-2.  The  analogous  parameter  determined  only  by  the  array  pattern  is  the 
directivity t  U(4),  defined  as  the  ratio  of  the  power  density  per  unit  solid  angle  at  the  angle  ^  to 
the  average  power  radiated  per  unit  solid  angle  over  all  space.  We  shall  concern  ourselves  ex¬ 
clusively  with  directivity  relative  to  the  peak  of  the  main  lobe  located  at  an  angle  4^.  From  the 


t  The  directivity  is  on  upper  bound  on  gain;  the  two  arc  equal  (or  matched,  lossless  antennas. 
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above  definition,  it  follows  that 


li(?o)  = 


IaUq)!' _ 

oi/all  |A(£)|^dn 

space 


(10) 


wljere  dS?  i.s  the  differential  solid  angle  df2  =  sin©  d©  d^,  or  in  ^  notation,  dfi  =  cos^  d|  d^.  For 
isotropic  radiators,  there  is  no  9) -dependence,  and  since  dr  =  cos  ^  ,  we  can  write  the  direc¬ 

tivity  in  terms  of  the  array  function  as 


UtOo)  = 


2  |A(o^)|^ 
|A(e)|^  de 


(tl) 


Using  Eq,(8),  and  integrating,  gives 


U(Oo)  = 


N-t  v2 


„  sinZirlPA)  In  -  m) 
n--o  n“o  ‘  •"  “ 


(12) 


'I'ho  denominator  has  the  unhappy  effect  of  clouding  the  picture.  Only  when  2BA  is  an  Integral 
number  is  the  result  easy: 


U(u 


Fig.  7.  VariQtion  of  directivity  U(vq)  of  a  linear  orray 
of  isotropic  elements  with  element  spacing  D/X, 

However,  detailed  consideration  of  the  integral  of  Eq.  (11)  will  indicate  that  the  behavior  of  the 
denominator  is  such  as  to  make  the  directivity  vary  wiUi  element  .spacing  approximately  ^  as  in¬ 
dicated  in  Fig.  7,  for  beaiii  shapes  that  concentrate  most  of  the  power  in  the  main  lobe.  For 
spacings  less  than  X,  for  which  only  one  principal  lobe  exists  in  visible  space,  we  can  write  the 
simple  result 


U/v  ) 


2D 

^  S  (a„)^ 


(13) 


tll.  E.  King  (Hcf.  15)  examines  in  detail  the  curve  in  the  interval  0-5^  D/A.^  1.2  for  uniformly  illuminated  arrays  of  various  N. 
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By  the  Schwarz  inequality  ^  we  can  write 
^2 


=  »)N 


(14) 


where  ij  1.  We  shall  call  the  taper  efficiency  or  illumination  efficiency  of  the  array,  and 
note  that  for  a  given  N  and  D/X,  n  alone  determines  the  directivity 


U(u^) 


X 


(15) 


The  maximum  value  of  unity  for  is  achieved  by  the  uniform  illumination;  its  value  for  some 
other  illuminations  is  discussed  in  the  next  topic. 

The  beamwidth  of  an  array  depends  upon  the  array  electrical  length  and  the  amplitude  taper 
used.  This  dependence  can  be  conveniently  expressed  by  a  eonsLaiiL  K  defined  by  the  equation 


0 


K 

L/X 


(16) 


where  0  denotes  the  beamwidth  and  Ij  the  array  length.  We  shall  be  primarily  concerned  with 
the  half -power  beamwidth,  which  we  shall  denote  ©^.  The  corresponding  beamwidth  coefficient 
will  be  denoted  K^.  For  example,  for  uniform  illumination  and  large  N,  ^  50,9®;  its  value  for 
some  other  tapers  is  also  discussed  below. 


Directive  Pattern  Synthesis  by. Amplitude  Tapering;-  Let  us  now  examine  some  par¬ 
ticular  techniques  for  achieving  desirable  directive  beams  from  linear  arrays  by  amplitude  ta¬ 
pering.  There  are  three  principal  classes  of  amplitude  tapers  which  will  be  outlined  and  com¬ 
pared;  (a)  powers  of  cosine  on  a  pedestal,  (b)  the  "modified  sin  ttuAxi"  of  Taylor,"^  and  (c)  the 
Dolph  tapers. 

The  "powers  of  cosine"  are  the  earlieat  class  of  tapers,  probably  because  they  arc  functions 
that  arc  amenable  to  fairly  easy  analysis  and  have  useful  properties.  'Die  continuous  taper  is  of 
the  form 


a(z)  =  li  +  <1  -  h) 


for  an  array  centered  on  the  z-axis.  The  parameter  h  it;  the  normalized  pedestal  lieight  (h’igs.B 
and  9).  9‘he  most  frequently  used  families  of  this  class  are  the  cosine  (m  =  1)  and  cosine-squared 
(m  =  Z).  The  lowest  first  sidelobes  achievablel  with  the  cosine  are  23 db,  when  h  =  0,  yielding 
an  illumination  efficiency  of  0.81,  and  a  half-power  beamwidth  coefficient  of  69*. 

The  cosine-squared  taper  gives  generally  superioi*  performance  to  the  cosine.  B'or  small 
pedestals,  the  highest  sidelobe  of  this  taper  may  not  be  the  first,  but  is  one  of  those  close  to 
the  main  beam.  After  the  highest  lobe,  the  sidelobes  decay  monotonically. 


t  In  addilioR,  there  is  another  family  of  line  source  (continuous)  tapers  associated  with  Taylor  (Ref.  17)  which  represents 
approximations  to  the  Dolph  leper,  and  will  not  be  discussed  for  that  reason. 

t  Recall  that  the  asHumplioii  of  Inrite  M  is  basic  to  adapting  continuous  antenna  tapers  to  arrays;  the  numbers  given  arc 
accurate  only  for  such  a  case. 


IS 

The  modified  siniru/iru  taper  of  Taylor  produces  monotonically  decreasing  sidelobes.  The 
amplitude  envelope  is  of  the  form  (for  an  array  centered  on  the  z-axis) 

a(z)  =  ,  IzU^Q  ,  (17) 

where  j  =  'sZ-l,  J^(x)  is  the  zero-order  Bessel  function  of  the  first  kind,  and  B  is  the  parameter 
fixing  the  ratio  R  of  the  main -beam  amplitude  to  the  amplitude  of  the  first  sidelobe  by 

R  =  4.60333  ■  (18) 

Figure  10  shows  typical  amplitude  tapers  and  array  functions. 
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The  taper  of  Dolph  '  is  "optimum”  in  the  sense  that  it  yields  the  narrowest  beamwidth  for 
a  given  sidelobe  ratio,  and  vice  versa.  It  is  not  necessarily  optimum  in  any  other  sense  (e.g., 
efficiency  vs  highest  sidelobe  level),  as  will  become  evident  below.  This  taper  is  derived  spe¬ 
cifically  for  arrays  and  makes  use  of  the  properties  of  Tchebycheff  polynomials  to  generate  the 

and  is  consequently  often  referred  to  by  the  joint  name  Dolph-Tchebycheff .  The  computa¬ 
tion  of  desired  illuminations,  which  must  he  carried  out  independently  for  each  array  size  «and 
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sidelobe  level,  is  extremely  tedious.  Kortunately,  both  tables  and  asymptotic  descriptions  ' 
exist . 

A  striking  |)ro|)erty  of  this  taper  is  that  it  yields  an  array  function  with  equal  amplitude  sidc- 
lobes,  as  shown  in  Kig.  11.  This  fact,  and  its  effect  on  the  amplitude  taper,  leads  to  some  second¬ 
ary  considerations  regarding  use  of  this  taper.  Since  the  sidelobes  do  not  decay,  the  percentage 
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of  power  in  the  main  lobe  varies  with  N  for  a  given  sidelobe  level.  Hansen  has  shown  that  for 
this  reason,  in  order  to  maintain  high  efficiency,  large  Dolph-tapered  arrays  must  use  low  side¬ 
lobe  tapers. 

The  amplitude  taper  producing  the  array  function  of  Fig.  11(a)  is  shown  in  Fig.  11(b).  The 
"peaked”  edge  drives  are  typical  of  a  large  array  and  higli  sidelobe  design  (a  30 -db  sidelobe  taper 
would  have  edge  drives  approximately  the  same  as  neighboring  elements).  Such  "peaked”  dis¬ 
tributions  are  prone  to  error  effects  that  arise  in  edge  elements  of  arrays  using  real  radiators 
(Sec.II-C-l). 

The  properties  of  several  tapers,  including  Dolph  tapers  for  both  10-  and  40-element  arrays, 
arc  compared  in  Fig.  12.  The  pedestal  heights  of  the  cosine -squared  tapers  are  indicated  by  the 
values  of  h  given. 

Directive  Pattern  Synthesis  by  Density  Tapering;—  For  some  array  applications,  it 
is  desirable  to  operate  all  driven  elements  of  the  array  at  the  same  amplitude.  This  is  partic¬ 
ularly  true  of  transmitting  array.s  in  which  a  separate  transmitter  is  used  with  each  antenna  of 
the  array,  since  it  is  generally  inefficient  to  operate  identical  transmitters  at  different  output 
levels  and  uneconomical  to  use  more  distinct  types  of  transmitters  than  absolutely  necessary. 

A  technique  useful  in  such  cases  is  "density  tapering,"  t  in  which  the  beam  of  an  array  is 
shaped  by  the  judicious  deletion  of  the  drive  from  certain  elements  of  a  regularly  spaced  array, 
with  the  undriven  elements  left  in  place  and  passively  terminated  in  an  inqjedance  equal  to  the 
source  impedance  of  the  driven  elements  (terminating  the  undriven  elements  is  necessary  to 


tThc  inventor  of  this  technique  is  unknown  to  this  writer,  but  the  buik  of  the  eorly  work  was  done  at  the  Bendix  Corporation 
(see  Refs,  2  and  24). 
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(a)  Array  funcHon. 
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(b)  llluminatiun  coefficients. 


Fig.  11.  Illumination  and  arroy  function  For  ?0-db  Dolph  toper 
for  16-elernent  array. 


4 


rig.  12.  Comporison  of  taper  efficiency  end  beamwidth  coefficient  of  linear 
array  amplitude  topers  vs  highest  sldelcbe  level. 

regularize  the  environment  that  all  driven  antennas  "see"  to  prevent  pattern  deterioration  due 
to  mutual  coupling  effects,  as  more  fully  explained  in  Soo.II-C-1). 

I’he  fact  that  varying  the  density  of  active  (driven)  elements  will  affect  the  array  pattern 
should  not  be  unexpected.  It  will  bo  recalled  that  the  far  field  of  an  antenna  is  related  to  tlie 
B'ouricr  transform  of  the  antenna  current  density.  Further,  we  have  seen  that  similar  patterns 
are  obtained  from  continuous  sources  and  from  array.s  with  "cipiivalenl"  ani))litudc  tapers  [Eq.(9) 
and  following],  at  lea.st  over  a  period  of  the  array  function,  for  arrays  of  large  numbers  of  ele¬ 
ments.  The  concept  of  "density  tapering"  can  therefore  be  viewed  ns  an  extension  of  the  change- 
over  from  a  continuous  to  a  discrete  antenna  in  which  we  not  only  discretely  localize  the  currents 
in  space,  but  al.so  dLscretely  clioo.se  the  element  currents  from  the  binary  possibilities  of  zero 
oi',  for  example,  unity. 

Density  tapering,  liowcvcr,  docs  not  produt’c  exactly  the  same  results  u.s  amplitude  tapering. 
To  see  why.  a  convenient  approach  is  to  presume  that  some  amplituclo  taper  ro)>»  esented  by  a 
set  of  N,,,  nonzero  taper  coefficients  will  produce  a  satisfactory  array  function.  Wo  now  wish  to 
approximatet  the  same  array  function  with  an  array  of  total  olemenls  using  a  density  taper. 

We  proceed  to  choose  the  density -tapered  amplitude  coefficients  to  be  zero  or  one  such 
that  over  any  interval  of  several  elements  of  the  array,  the  total  current  in  that  interval  is  the 
same  in  the  density-tapered  array  as  it  is  in  the  amplitude-tapered  airay.  Since  the  total  cur¬ 
rent  in  any  interval  of  the  density-tapered  array  is  constrained  to  be  an  integral  number  of 
units,  we  cannot  exactly  "match"  the  two  array  current  densities.  In  fact,  if  no  precise  cri¬ 
terion  for  a  "good  fit"  can  be  slated,  a  large  number  of  density  tapers  can  be  generated  as  an 


t  It  would  te  scicntificnily  satisfying  to  define  approximotc  precisely  by  some  ‘*besl  fit"  critertnn  such  ns  least  mono  square,  etc. 
Unfortunately  a  criterion  which  is  both  physivnlly  meuiiingful  und  mnlhcmaticBlIy  tractable  eludes  this  writer.  A  criterion  which  is 
not  at  the  outset  very  tractable  (uniform  sidclobe  omplitude)  is  investigated  later. 
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approximation  to  a  single  amplitude  taper.  As  the  number  of  samples  becomes  large,  we  should 
expect  that  if  we  pick  a  particular  element  --  e.g.,  the  n^^  -  and  note  the  fraction  of  density  tapers 
that  have  element  n  driven,  this  fraction  will  t^md  to  vary  with  n  in  the  same  manner  as  the 
taper  coefficient  associated  with  the  amplittide  and  tapered  array.  That  is,  a  plot  of  the  average 
density  of  all  the  density-tapered  samples  (the  "ensemble  average")  assumes  the  same  shape  as 
the  amplitude  taper.  However,  any  one  sample  varies  in  a  more-or-less  random  manner  from 
this  average. 

If  we  now  examine  the  array  functions  generated  by  all  these  approximations,  we  find  that, 
at  any  particular  angle  u,  the  ensemble  average  of  all  density -tapered  array  functions  tends 
toward  the  array  function  associated  with  the  amplitude-tapered  array.  However,  particulai'ly 
in  the  low  sidelobe  region  of  the  pattern,  any  one  of  the  density -tapered  arrays  may  have  an  ar¬ 
ray  function  value  at  a  particular  angle  that  is  considerably  different  from  the  average.  In  tact, 
it  is  found  from  a  probabilistic  analysis  (Ret.  10,  Part  3,  Ch.  Ill,  Sec.G)  that  the  normalized^ 
array  function  amplitude  |A(ii)|  is  distributed  in  a  modified  Rayleigh  distribution^  (Sec.II-D-i) 
characterized  by  the  parameter 

2  1  \ 

‘'r  =  {~n^  - 

where  N,^,  is  the  total  number  of  antenna  elements,  1}  is  the  taper  efficiency  of  the  ampUtude- 
tapered  array  whose  performance  it  is  desired  to  duplicate,  and  is  the  number  of  active  ele¬ 
ments  in  the  density-tapered  array.  Note  that  2i)N,p  is  of  the  order  of  the  amplitudo-taperod 
array  directivity;  hence,  for  large  array  S, 

The  significance  of  is  that  in  regions  where  the  magnitude  of  the  normalized  uri’ay  func¬ 
tion  of  the  amplitude -tapered  array  A^(u)  satisfies 

|A^(t.)|^  ,  (ZO) 

the  density -tapered  array  pattern  and  the  equivalent  amplitude-tapered  array  pattern  will  be 
essentially  identical.  [Note  that  the  above  inequality  is  satisfied  in  the  main-loho  region  of  A(u) 
and  porliaps  in  the  near-in  sidelobe  region.)  However,  in  most  regions  (the  qualification  "most" 
is  explained  following  Eq.(Z5)|  where  the  amplitude -tapered  array  function  is  much  less  than 
the  CTf^  of  Eq.  (19),^  the  quantization  effects  dominate  tlie  pattern  and  the  ensemble  average  side- 
Jobe  level  magnitude  can  be  shown  to  be 

|A(v)|^  =  iOlog^oZcr^  ,  (Zl) 

and  thus  is  primarily  dependent  only  upon  the  number  of  elements  in  the  array.  This  dependence 
can  be  better  appreciated  by  quantitatively  examining  the  values  of  the  ratio  appearing 

in  Eq.  (19)  which  are  to  be  expected  in  practical  cases. 

First,  just  as  Fig.  12  indicates  that  achievement  of  a  specified  highest  sidelobe  level  in  an 
amplitude  taper  places  an  upper  bound  on  the  illumination  efficiency  t/,  the  achievement  of  the 


tSuch  Ihal  |A(0)j  «1. 

iThc  justification  for  the  distribution,  as  explained  in  Ref.  iO,  is  that  originally  put  forth  by  Kuzc  (Kef.  25). 
iRecall  that,  in  the  far-out  regions  of  the  array  function,  is  of  the  order  of  l/’N.p. 
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same  result  in  a  density -tapered  array  places  an  upper  bound  on  how  "full”  the  array  can  be  (the 
ratio  of  N^/N^).  Put  another  way,  the  desired  close-in  sidelobe  structure  defines  the  "shape” 
of  the  plot  of  the  active  element  density.  Bearing  in  mind  that  low  sidelobe  patterns  result  from 
tapers  that  have  maximum  illumination  at  the  array  center  and  less  at  the  array  edges,  we  can 
do  no  more  than  have  all  elements  in  the  center  of  the  array  active  in  a  density  taper The  shape 
of  the  density  then  determines  the  maximum  ratio  of  active  to  total  elements,  which  we  shall  de¬ 
note  This  maximum  is  of  fundamental  importance,  since  it  is  the  condition  giving 

(as  will  be  affirmed  quantitatively  below)  the  maximum  gain  and  lowest  "far-out”  sidelobe  level 
for  a  particular  density  shape.  To  quantitatively  determine  likely  values  of 

^max' 

that  Fig.  iZ  indicates  that,  for  linear  arrays,  the  cosine  squared  on  a  pedestal  yields  performance 
roughly  equivalent  to  the  best  of  the  tapers  examined,  over  sidelobe  levels  of  interest.  We  shall 

therefore  examine  the  variation  of  /  ^T  expected  for  a  cosine-squared  density  taper 

‘^max' 

as  a  function  of  highest  sidelobe  level  (close-in,  in  the  density-tapered  case,  since  we  may  lose 
control  farther  out  in  the  pattern  —  a  possibility  dwelled  upon  below). 

The  appropriate  density  of  active  elements  can  be  represented  by  a  function  d(z)  related  to 
the  amplitude  taper  function  a(2)  by 


,/(z)  -  P 


^(z) 

a(0) 


(22) 


where  the  a(0)  normalizes  the  amplitude  taper  function,  and  P  is  the  density  of  active  elements 
at  the  array  center.  We  can  interpret  rf{nD)  as  the  probability  that  the  element  is  active. 
Consequently,  the  ratio  of  active  to  total  elements  is  given  by 


.N,j.D/2 

J-N,^D/2 


or,  equivalently, 

N„  J-N„.D/2 

iC  "  N,.jJ/2  • 

/-K^D/Z 

A  plot  of  the  re.suUing  values  of  /^T  the  factor  of  Kq.  (19),  for 

^max'  ^max' 

this  taper,  is  shown  in  Fig.  13  as  a  function  of  highest  close-in  sidelobe  level.  The  values  for 
this  taper  would  appear  to  be  representative  of  the  ratios  to  be  expected  with  other  efficient  linear 
array  tapers  as  well. 

In  order  to  determine  the  quantitative  effects  of  density  tapering  on  far-out  sidelobe  levels, 
we  note  that  the  quantity  in  parentheses  of  Eq.  (19)  appears  from  the  data  of  Fig.  13  to  be  numer¬ 
ically  about  0.3  for  low  sidelobe  tapers  using  the  maximum  number  of  active  elements.  Thus 


t  Wc  may,  of  course,  '*9calc*'  the  density  so  that  the  center  density  is  representable  by  some  fraction  P  <  1  and  achieve  a  savings 
in  the  ratio  of  active  to  total  elements  for  economic  reasons.  By  such  b  technique,  wc  can,  for  example,  realize  the  beamwidth 
associated  with  a  *'fulP'  array  (dependent  only  upon  array  size)  with  only  a  fraction  of  the  number  of  active  dements  in  a  full  array, 
but  at  a  sacrifice  in  directivity  and  far-out  sidelobe  levels  [see  Eqs.  (21)  and  (25)]. 
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HIGHEST  CLOSE-IN  SIOELOBE  LEVEL  (db) 

Fig.  13.  Maximum  value  of  Na/r)Nj  and  Nq/Nj 
for  a  specified  highest  stdelobe  roHo  for  a  cosine- 
squared-on-a**pedestaI  linear  array  taper. 


Fig.  14,  Linear  array  with  cosine-squored  density  taper. 
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Eq.  (19)  indicates  that  the  average  far-out  sidelobe  level  of  a  density-tapered  array  can  only  be 
suppressed  by  a  factor  of  the  order  of  1/N.  Recalling  that  even  a  uniform  amplitude  taper  pro¬ 
duces  a  far-out  sidelobe  level  of  the  order  of  l/N^,  it  is  apparent  that  one  must  surrender  con¬ 
trol  of  far-out  sidelobes  when  using  even  modest  density  tapering.  Probably  tlie  most  that  can 
be  asked  from  a  systems  viewpoint  is  a  fairly  uniform  level  of  the  far-out  sidelobes.  Equa¬ 
tion  (19)  and  Fig.  13  Indicate  that  if  we  achieve  such  uniformity,  assuming  the  sidelobes  to  be  of 

such  a  shape  that  t)aeir  peaks  are  3db  above  their  average  power  level  (so  that  the  peaks  are  nu- 
2 

merically  equal  to  the  sidelobe  peaks  will  be  down  from  the  main  lobe  by  the  ratio 

Rjl,-10  1og,o^  (24) 

for  dense  {P  =  1)  tapers.  If  the  density-tapering  technique  is  used  to  ’’thin  out"  the  array(P  «  1), 
we  have  and  Eq.  (19)  indicates  that,  for  this  case. 


li 


db 


10  log 


2 

10  N 

a 


(25) 


making  obvious  the  dopendcnco  of  the  sidelobe  level  on  the  number  of  active  elements  used. 

An  apparent  characteristic  of  density  tapering  which  the  referenced  statistical  analysis  does 
not  predict  is  the  tendency  of  the  density -tapered  antenna  to  reproduce  the  close-in  sidelobe  struc¬ 
ture  of  the  umplilude-tapered  unlerina,  even  when  iliese  sidelu)3us  may  be  considerably  below  the 
value  of  R  of  Eq  (24)  or  (25).  Kor  such  cases,  by  a  conservation  of  power  argument,  wo  should 
expect  that  the  u.so  of  an  amplitude  taper  which  produces  sidelobes  below  Uiis  value  close  to  the 
main  lobe  would  result  in  sidelobes  above  the  value  of  Eq.  (24)  or  (25)  fartlier  out  in  the  pattern. 

An  example  illustrating  this  possibility  is  shown  in  Fig.  14  whiidi  indicates  the  array  function  of 
an  array  of  N,p  -  100,  using  a  cosine -squared  (h  -  1/2)  density  taper  which,  as  an  amplitude 
taper,  would  produce  the  sidelobe  envelope  indicated  by  the  daslied  lines.  The  density  taper  is 
seen  to  follow  the  amplitude  taper  pattern  well  near  the  main  lobe,  but  “pops  up"  badly  farther 
out.  By  contrast,  Fig.  15  .sliows  the  result  of  an  attempt  at  a  20-db  sidelobe  density  taper,  using 
Taylor's  ^  upfu'oximution  to  the  Dolph  taper,  which  normally  produces  several  equal  amplitude 
sidelobe  levels  before  the  sidelobes  begin  to  decay.  'J*)ie  tendency  toward  a  more  uniform  side- 
),ob(^  level  is  apparent. 

The  statistical  approach^^  can  Etlso  be  used  to  show  that  the  directivity  of  a  density-tapered 
array  U^j  is  related  to  the  directivity  of  an  equally  spaced,  equivalently  amplitude-tapered  array 
U  by 


^d 

U 


7,N.,. 


(26) 


Note  from  this  result  and  Eq.  (15)  that  for  arrays  which  are  either  amplitude  tapered  only 
(N^  =  NrpI  or  density  tapered  only  (ij  =  if  wc  confine  tj  to  an  amplitude  taper  efficiency),  we 
can  wi'ite  the  directivity  as 

U(Vo)  =  ^  .  (27) 

From  Eqs.  (19)  and  (26),  it  is  apparent  that  the  density-tapered  array  directivity  will  be  less 
than  that  of  an  array  using  the  equivalent  amplitude  taper  for  equal  values  of  N.j,.  From  Fig.  13, 
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Fig.  15.  Linear  array  with  20-'db  Taylor  density  taper. 


for  P  =  1  and  low  aidolobc  tapers,  the  difference  is  seen  to  be  about  Idb.  However,  while  den¬ 
sity  tapering  leads  to  decreased  directivity  for  arrays  of  equal  N,^,,  it  i.s  apparent  from  liq.  (27) 
that  this  tapering  produces  greater  directivity  tor  arrays  of  equal  N,  ,  and  in  some  cases  the  cost 
of  an  array  may  be  more  nearly  dependent  upon  N,  ratlior  than  N,,,. 

In  summary,  density  tapering  is  a  useful  technique  for  beam  shaping  in  arrays  in  wliicli  am¬ 
plitude  tapering  is  inconvenient.  U  can  also  be  used  to  generate  narrow  beams  with  fewer  active 
elements  than  an  ampUtudo-tapered  array,  at  a  sacrifice  in  directivity  and  far-out  sidclohe  levels. 

Unfortunately,  alUiough  we  have  put  forward  its  virtues  and  vices  at  some  length,  little  has 
been  said  about  the  mechanics  of  syntlicsi.s  of  density  tapers.  With  the  present  state  of  knowledge, 
any  density  taper  eventually  degeneratos  into  a  "cut  and  try"  process.  However,  a  toelmique 
which  has  been  found  u.«;cful  for  getting  started  is  to  matcli  the  integrated  densities  of  the  den.sity- 
tapered  array  and  the  rimpUtiide-tapcred  array 


'■  an  - 


n 

g(n)  =  D  2 
n-o 


’I  -  nD 
o 


as  functions  of  where  =  </(nD)  is  the  density  function  desired  as  given  by  Eq.  (22). 

Synthesis  of  Patterns  of  Prescribed  Shape;—  Many  techniques  exist  for  generating 
shaped  beams  (c.g.,  cosecant-squared  power  pattern  for  surveillance  radars  {Ref.  4,  Ch.  t^)], 
and  even  a  brief  description  of  each  would  be  quite  lengthy  in  total.  Therefore,  we  shall  enumer¬ 
ate  only  the  various  approaches  and  refer  the  interested  reader  to  the  literature. 
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Since  the  array  illumination  and  array  tunction  are  a  Fourier  transform  pair,  this  fact  can 
be  used  to  find  an  illumination  to  approximate  a  desired  array  function.^^  .'Voodward^^  yivos  a 
synthesis  technique  which  resembles  the  results  of  the  temporal  sampling  theorem  of  network 
theory  (reconstruction  of  functions  by  orthogonal,  weighted  sets  of  sinx/x  functions)  and  is  a  use¬ 
ful  analytical  tool,  as  well  as  a  synthesis  method  (use  will  bo  made  of  his  result  in  Sec.  III-B-2). 

The  principle  of  stationary  phase  can  also  be  used  to  synthesize/'®’ using  both  element  ampli- 

30 

tude  and  phase  as  parameters.  Ksienski  has  described  a  method  for  producing  "flat-topped” 
beams,  and  has  outlined  another  teclinique  which  is  basically  the  same  as  the  "scanning  function" 
technique  described  by  Ruze  (Ref.  25,  Secs.HI-D  and  III-E). 

Comparisons  of  the  relative  merits  of  the  various  synthesis  techniques  ran  be  found  in  tlie 
references,  usually  in  terms  of  their  ability  to  generate  one  or  more  of  the  common  beam  shapes 
(e.g.,  cosecant  squared  or  rectangular).  Although  none  of  the  references  explicitly  makes  use  of 
density  tapering,  the  previously  established  corre.spondence  beWeen  amplitude  and  density  can 
be  utilized  for  beam  shaping  in  conjunction  with  many  of  the  above  techniques. 

Synthesis  of  Monopulse  Patterns:—  The  more  common  methods  of  obtaining  the  so- 
called  "sum"  and  "difference"  patterns  for  monopulse^  (simultaneous  lobing)  angular  determi¬ 
nation  are: 

(1)  Adding  and  subti'acting  the  output  of  the  two  halves  of  an  array,  as 
indicated  in  Fig.  16. 

(2)  Adding  and  subtracting  two  adjacent  beams  from  an  array  capable  of 
forming  simultaneous  beams  (see  Figs.  70,  72,  and  73  in  Sec.  111-13-2) . 

For  (1),  if  the  amplitude  taper  chosen  for  the  sum  beam  is  the  set  the  difference  pattern 

illumination  d  will  be  related  to  the  a  's  by 
n  n  *' 


d  = 


n 


a 


n 


n  <  0 
n  >  0 


for  an  ai  ray  centered  on  the  coordinate  system,  thus  producing  an  equivalent  difference  taper  a.s 
shown  in  Fig.  17. 

In  (2),  if  we  choose  a  set  of  amplitudes 


i„  "  ox|.(±jnkn  — ) 


Ai^ 


for  the  two  individual  beams,  so  that  they  point  at  v  ,  the  .sum  pattern  is 


A>)  = 


Y,  “ri  exp[jnkD(i/  -  ~)]  +  exp(jakD(u  +  ^)] 


which  gives 


V'  A** 

Ag(i;)  =  [a^j  cos(nkn  exp(jnkDu] 


corresponding  to  a  sum  amplitude  taper  of  the  form 

s  =  a  cosnkD  , 

n  n  2  ’ 


(28) 


tFor  8  more  thorough  truotment  at  the  subject,  see  Hef.  31. 
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Fig.  17.  Sum  ond  difference  ropers  for  type  (1) 
morropulse  for  cosine-squoied-on-o-pedestol 
bosic  illumination. 


0  (z) 


Fig.  18.  Sum  and  difference  tapers  for  type  (2) 
monopulse  for  cosine-squared-on-a-pedestal 
basic  Ulumlnotlon. 


with  the  sum  beam  puiiited  halfway  between  the  original  beams.  Commonly,  Au  is  approximately 
a  beamwidth  which,  for  highly  directive  beams,  is  approximately  A  u  w  2ff/kND.  Thus  the  ap¬ 
parent  sum  beam  amplitude  taper  is  the  original  taper  multiplied  by  a  factor  cos/:i(irn/N),  where 
^  «  1,  indicating  that  the  sum  beam  amplitude  is  altered  somewhat  as  indicated  in  Fig- 18.  In  a 
similar  manner,  the  difference  beam  amplitude  taper  can  be  shown  to  be  of  the  form 


d  =  a  sin/ 
n  n 


ffn 

N 


(29) 


as  indicated  in  the  figure. 

Sum  and  difference  patterns  for  (1)  and  (2)  taken  on  a  16-element  array  with  a  basic  uniform 
illumination  are  shown  in  Fig.  19.  These  examples  are  indicative  of  a  fundamental  difficulty  with 
monopulse  patterns  derived  by  either  method  (1)  or  (2):  low  sidelobe  sum  patterns  are  accom¬ 
panied  by  high  sidelobe  difference  patterns.  Further,  the  difference  patterns  which  yield  the 
most  .sensitive  angular  information  tend  to  have  high  sidelobes.  To  see  why,  let  us  examine  a 
fundamental  measure  of  the  sensitivity t  of  difference  patterns:  the  normalized  slope  S,  at  u  =  0. 
This  quantity  is  related  to  the  amplitude  distribution  of  the  difference  pattern  by 


Snd„ 


PL 
.  2 


(30) 


The  value  of  S  is  most  sensitive  to  the  amplitude  of  the  end  elements;  for  large  S,  the  from 

which  the  d^'s  are  derived,  should  be  large  near  the  array  ends.  In  fact,  application  of  the 
Schwarz  inequality  to  Eq.  (30)  yields  the  optimum  difference  taper  (in  the  sense  of  maximum  slope) 
as 


n'max  S 


(31) 


By  contrast,  the  results  of  the  previous  sl;cUon  indicate  that  the  edge  a^’s  should  bo  small  but 
finite  (i.e.,  a  pedestal  used)  for  good  sidelobe  performance.  The  two  requirements  are  incom¬ 
patible  in  both  systems  of  (1)  and  (2).  However,  more  complex  techniques  can  be  used  (Sues.  HI 
13-2  and  lIl-B-3)  to  permit  the  use  of  independent  amplitude  tapers  on  a  sum  and  a  difference 
beam,  thus  allowing  each  pattern  to  be  optimized  independently,^  As  might  be  expected,  those 
systems  are  generally  somewhat  more  complex  and  costly  tl»an  those  which  produce  the  two 
simple  nionopulse  typc.s  described. 


3.  Beam' Steering  Effects  on  Array  Factors  and  Array  Design 

It  was  pointed  out  in  Eq.  (8)  that  by  the  use  of  a  linear  phase  taper,  the  beam  of  the  array 
could  be  steered.  That  is,  if  a  set  of  drive  currents  produces  an  array  function  of  the  desired 
shape  having  some  reference  value  (e.g.,  a  maximum)  in  the  direction  u  =  0,  then  a  sot 
exp[-jnkDy^]  produces  the  same  shape  of  array  function  with  its  reference  point  at  u  - 
While  this  effect  on  the  array  function  amounts  merely  to  a  shift  in  reference  point,  the  effect 
on  the  array  factor  is  more  complex.  For  example,  consideration  of  Fig.  20  indicates  that 
steering  the  beam  off  broadside  can  result  in  (a)  beam  broadening,  (b)  beam  asymmet*/,  and 


t  'I'hc  angular  mensurenicnt  accurac)^  is  proportional  to  S  (Sec.  IbD'S). 

t  The  independent  optiniizution  of  difference  patterns  has  been  studied  by  Price  and  ilyneman  (lief.  32). 
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(c)  thfj  appearance  of  grating  lobes  in  the  visible  space  of  the  array  factor.  There  are  also  ef¬ 
fects  less  evident,  such  as  variation  in  beam  pointiiig  with  frequency  and  consequent  bandwidth 
limitations.  In  this  section,  we  shall  examine  these  effects  and  some  resultant  implications  on 
array  design. 


Fig.  20.  Beam-steering  effects  on  arroy 
foetor  A(4)  and  array  function  A(u). 


We  shall  begin  by  examining  the  element  spacing  allowable  to  avoid  grating  lobes  for  a  de¬ 
sired  angle  of  scan.  The  effects  of  scanning  on  the  shape  of  the  beam  will  then  be  examined, 
with  attention  to  beam  broadening  and  asymmetry.  Next,  some  useful  rules  for  beam  pointing 
angle  as  a  function  of  phase  shift  will  be  developed  and  applied  to  the  determination  of  the  number 
of  beamwidths  that  exist  in  a  given  angular  segment  of  space.  Finally,  the  frequency  limitations 
of  some  typical  array  feeds  will  be  examined. 

Attention  will  be  concentrated  on  highly  directive  array  functions;  consequently,  the  use  of 
phase  tapering  for  other  than  steering  purposes  will  not  be  explicitly  considered.  However,  most 
of  the  results  may  be  extended  to  shaped  beams, 

Klement  Spacing  to  Avoid  Grating  Lobes;-  Equation  (8)  stated  that 

n 

wliere  the  pointing  "direction"  is  related  to  the  differential  phase  a  by  Eq.  (7) 
a  ^ 


Using  V  -  sinf; ,  we  can  censtrud  the  correspondence  between  a  and  5  given  in  Fig.  21  for  various 
D/^.  The  curves  for  wider  spacings  are  discontinued  at  scan  angles  for  whicli  a  grating  lobe 
comes  into  visible  space.  This  occurs  whenever  the  argument  of  Eq.  (32)  is  a  multiple  of  Ztt; 
consequently,  at  given  by 


V 


~  V 

o 


(33) 


a  grating  lobe  will  just  appear  in  visible  space  if  |u  J  =  1.  Thus  the  element  spacing  criterion 

stated  in  terms  of  the  desired  maximum  scan  angle  f  is 

^  ^  max 


dA  < 


i 


1  +  sin 


max 


(34) 


Equations  (15)  and  (16)  indicated  that  DA  should  be  made  as  large  as  possible  without  grating 
lobes  to  achieve  maximum  directivity  and  minimum  beamwidth.  If  an  equality  sign  were  used 
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Fig.  21.  DifferenKal  phase  vs  pointing 
angle 


Ffg.  22.  Moximum  allowable  element  spacing 

D/X  vs  maximum  scan  angle  £ 

*max 


in  statement  (34),  we  might  actually  incur,  rather  than  avoid,  the  grating  lobe.  For  narrow 
beams,  however,  the  error  committed  by  applying  (34)  is  frequently  small  enough  [particularly 
when  the  effects  on  real  radiators  are  included  (Sec.  II-C)]  to  justify  using  it  rather  than  the  more 
cumbersome  exact  formula  which  accounts  for  the  finite  width  of  the  grating  lobe.  Figure  22 
presents  a  plot  of  statement  (34). 

Beam  Broadening  as  a  Function  ol  Scan  Angle;-  In  the  array  function  notation  of 
Eq.  (32),  it  is  apparent  that  the  width  of  the  main  lobe  of  the  array  function  for  a  given  amplitude 
taper  is  a  function  of  the  difference  Au  =u  —  Therefore,  the  incremental  phase  shift  required 
to  move  a  beam  through  an  angle  measured  in  numbers  of  beamwidths  is  independent  of  and 
depcncl.s  only  upon  the  a^'s  chosen.  Consequently,  if  we  take  derivatives  of  both  sides  of  u  =  sin£, 
relating  u  to  the  angle  4  in  vi.sible  space,  we  see  that 


Ol  ,  for  naiTow  beams,  if  4  is  not  near  it/Z, 


Au 
coS  t 


If  Au  reprnsent.s  the  change  in  the  argument  of  Eq.  (32)  which  produces  a  change  in  amplitude  of 
Ain),  corresponding  to  the  amplitude  change  which  defines  a  beamwidth  of  the  array  factor  A(4) 
('l/*/z  if  the  beamwidth  of  interest  is  the  half -power  beamwidth),  it  is  seen  that  the  corresponding 
beamwidth  of  the  array  factor  is  inversely  proportional  to  the  cosine  of  4^*  Consequently,  the 
beamwidth  as  a  function  of  scan  angle  ® .  can  be  written  in  terms  of  the  beamwidth  0  at  broad- 
•  1 

side  as 


cos  4 


(35) 


if  0^  is  small,  indicating  that  the  beamwidth  broadens  as  the  secant  of  the  scan  angle.  This  re¬ 
lationship  fails  near  the  endfire  condition  (|4  |  ^’t/Z),  but  a  more  precise  and  cumbersome  ex- 

33  ^ 

pression  can  be  derived  for  that  case. 
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Beam  Asymmetry  as  a  Function  of  Scan  Angle:—  The  array  factor  also  becomes 
"lopsided"  as  the  beam  is  scanned  off  broadside.  By  Eq.  (35),  we  can  write  the  angle  from  tlie 
beam  center  to  the  outer  beam-edge  angle  (the  3-db  point)  as  approximately 

®  /2 

+  "’  cos  (4^  +  0^/2)  ’ 

and  similarly  for  the  angle  between  the  beam  center  and  the  inner  beam  edge.  For  ®q/2  «  1, 
by  small  angle  approximations,  it  can  be  shown  in  a  straightforward  manner  that  the  asymmetry 
ratio  is  approximately  equal  to 

A0 

tan4^  .  in  radians  .  (36) 


Thus  it  can  be  seen  that  an  asymmetry  greater  than  iO  percent  between  the  halves  of  the  beam 
is  incurred  only  for  broadside  beamwidths  of  the  order  of  6*  or  more  for  scan  angles  as  great 
as  45*. 

This  beam  asymmetry  can  have  a  nonnegligible  effect  upon  the  interpolation  accuracy  of  an 
otherwise  accurate  monopulsc  system,  however,  since  it  causes  an  asymmetry  of  the  slope  of 
the  difference  pattern  on  the  two  sides  of  the  difference  pattern  null. 

Phase  Increment  Vs  Scan  Angle:-  Since  a  given  change  in  moves  the  main  lobe 
of  the  array  function  a  specified  fraction  of  the  main-lobe  width,  independently  of  the  value  of 
the  differential  phase  shift  required  to  move  the  beam  one  beamwidth  is  constant.  In  partic 
ular,  it  can  be  seen  from  Eq.  (37)  that  a  change  in  a  of  Zti/n  produces  a  change  in  of 

"  NDA 


Near  4  =  0,  this  change  In  Is  approximately  the  same  as  the  change  in  the  angle  4  in  radians. 
Eurttier,  it  the  broadside  beamwidth  of  the  pattern  is 


0  = 


K 

NU/A 


the  differential  phase  shift  required  to  move  one  beamwidth  is 


A 


2itK 

N 


(37) 


Thus,  if  the  liall-power  beamwidths  an:  the  beamwidths  of  interest,  the  factor  K  can  be  deter¬ 
mined  from  Fig,  12  for  directive  beam  tapers.  Roughly,  w  1  radian  for  directive  beams,  and 
a  useful  rule  of  thumb  is  that  a  total  phase  difference  of  Zn  radians  across  the  array  moves  the 
beam  one  beamwidth. 

In  addition  to  the  usefulness  of  Eq.  (37)  for  determining  phase  shift  vs  pointing  angle,  it  is 
also  useful  in  easily  resolving  the  question  of  how  many  beamwidths  are  contained  within  a  cer¬ 
tain  included  angle  in  space.  The  phase  shift  required  to  point  the  beam  at  the  extreme  scan 

angle  4 _ _  is 

“  "  max 


and  using  the  above  relation  for  the  differential  phase  per  beamwidth,  we  can  write  the  number 

of  beamwidths  h  between  broadside  and  the  angle  as 

”  ^  max 
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(38) 


‘'-60 

where  @  is  the  broadside  beamwidth. 
o 

Transient  Response  of  Arrays:-  Up  to  this  point,  the  behavior  of  array  patterns  has 
been  discussed  in  terms  of  their  response  to  continuous-wave  (CW)  signals.  For  such  signals, 
it  has  been  shown  that  the  use  of  phase  shifters  is  sufficient  to  form  and  scan  a  beam.  However, 
if  we  visualise  a  plane  wave  as  representing  a  transient  (a  step  function)  incident  upon  a  linear 
array,  as  in  Ftg.  4,  the  output  from  all  antennas  will  not  coincide  in  time.  The  output  of  the 
combining  network  will  not  reproduce  the  transient  faithfully  if  the  "boxes"  in  the  feed  network 
are  only  phase  shifters  and  the  difference  in  arrival  time  at  opposite  ends  of  the  array  is  greater 
than  3  period  of  the  carrier  frequency  (which,  as  pointed  out  above,  corresponds  to  an  angle 
greater  than  a  beamwidth  from  broadside).  However,  if  we  were  to  insert  a  delay  in  the  boxes 
behind  each  element  of  the  antenna  so  that  the  earlier -arriving  signals  were  appropriately  de¬ 
layed,  the  antenna  would  have  perfect  time  response  to  a  signal  arriving  in  the  direction  for  which 
the  delays  were  chosen,  regardless  of  its  transient  behavior.  Such  an  array  is  commonly  re¬ 
ferred  to  as  a  "delayed  array." 

The  delays  in  such  an  array  must  operate  at  the  received  frequency  and  not,  for  example, 
at  an  intermediate  frequency,  since,  tor  a  modulated  CW  signal,  we  must  both  delay  the  mod¬ 
ulation  and  phase  shift  the  carrier  in  order  that  the  signals  from  the  element  add  properly.  It  is 
only  at  the  received  signal  frequency  that  the  required  delay  and  required  phase  shift  correspond. 
At  other  frequencies,  the  correspondence  between  delay  and  phase  shift  is  lost  and  both  operations 
cannot  be  simultaneously  affected  correctly  by  a  single  device.^ 

Even  the  delayed  array  gives  perfect  reproduction  of  the  signal  (within  component  bandwidth 
limitations)  only  when  the  signal  arrives  exactly  from  the  direction  for  which  the  delays  arc  prop¬ 
erly  chosen.  For  other  angles,  a  "build-up  phenomenon"  similar  in  nature  to  that  associated 
with  arrays  using  only  phase  shifters  occurs.  This  phenomenon  for  a  delayed  array  is  a  function 
of  the  difference  between  the  signal  arrival  angle  and  the  "pointing"  angle  of  tlie  array  (rather 
than  the  ditfei'ence  between  broadside  and  the  arrival  angle,  us  will  be  seen  when  pliasc  shifters 
are  used)  and  is  of  minor  significance  in  delayed  arrays. 

In  order  to  see  how  a  nondelayed  array  affects  an  incoming  signal,  a  particular  case  of  a 
"cnnst.ant-phased"  array  (one  using  phase  shifters  whose  pliase  shift  is  independent  of  frequency) 
will  be  examined.  Such  a  device  is  of  more  than  academic  interest,  since  many  phased  arrays 
closely  approximate  this  behavior.  Such  an  array  has  a  differential  phase  shift  given  by 

a  -  — k  D  sin  4  ,  k  =  , 

o  ^o  o  c 

such  that  the  array  is  phased  to  point  the  beam  in  a  direction  4^  when  the  frequency  is  The 
array  response  to  a  signal  of  an  arbitrary  frequency  u,  arriving  from  a  direction  4 ,  can  then 
be  written  as 

n 


tin  some  cnscs,  a  phasc-shifted  carrier  and  separately  delayed  video  modulation  may  be  used  successfully. 
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It  ia  seen  that  a  shift  in  the  received  center  frequency  from  causes  the  beam  pointing  to  be  in 
error.  If  the  received  signal  is  at  a  frequency  <i3^,  the  beam  pointing  angle  will  be  given  by 


Sins. 


sinS^ 


For  a  small  difference  in  frequency,  differentiating  this  expression  indicates  that  the  change  in 
pointing  angle  is 


d^  =  -tan^ 


da> 

o 


The  impulse  response  of  the  antenna  is  the  Kourier  transform  on  id  of  Eq.  (!■)),  which  is 
found  to  be  a  series  of  Impulses  spaced  D/c  sin 4  apart  in'time  with  an  envelope  of  the  form 


sin  4 


(40) 


for  a  centered  array  of  length  L-  =  ND,  where  a(z)  is  a  continuous  function  such  that  the  of 
Eq.(39)  can  be  considered  samples  of  a(z);  that  is,  =  a(nD). 

This  impulse  response  is  of  the  form  p(t)  exp[jG{t)],  with  a  magnitude  p(t)  which  is  a  time 
reproduction  of  the  shape  of  the  aiiLplitude  taper  across  the  antenna,  and  has  a  duration  equal  to 
the  time  required  for  the  wave  to  propagate  the  projected  length  of  the  array,  which,  for  a  pointing 
angle  of  b  boamwidths  from  broadside,  is  equal  to  b/f^.  Since  the  real  part  of  the  expression  is 
implied,  the  ‘'phase  term”  is  a  cosine  term  that  has  the  argument  of  the  exponential,  "modulating” 
the  amplitude.  For  a  signal  arriving  at  the  pointing  angle  4^.  the  exponential  is  unity  and  the  im¬ 
pulse  response  has  the  same  shape  as  the  amplitude  taper ,  as  indicated  by  Figs.  23  and  24 

If  the  received  signal  s(t)  has  a  step-function  envelope 


a(t)  = 


0 


t  >  0 
t  <  0 


the  envelope  of  output  of  the  antenna,  which  wo  sliall  denote  0(t),  is  just  the  integral  of  h(t)  up 
to  the  time  of  interest.  Figui'e  25(a-d)  shows  0(1)  corresponding  to  a  target  at  angles  corre¬ 
sponding  to  (a)  the  pointing  angle,  (b)  the  .3-db  point,  (c)  the  peak  the  second  sidelobe,  and 
(d)  the  third  null  of  the  array  factor  for  a  step  function  s(t).  For  small  (i ,  the  finite  rise  time 
of  0(t)  is  primarily  due  to  the  amplitude  part  of  the  impulse  response.  For  large  p,  the  ex¬ 
ponential  part  of  ii(t)  dominates  the  behavior  of  the  antenna  and  instead  of  a  monotonic  rise  of 
0(t}  to  its  final  value,  there  is  an  oscillatory  rise.  It  is  also  apparent  that  a  time- invariant  an¬ 
tenna  pattern  is,  strictly  speaking,  only  a  CW  phenomenon. 

The  effects  of  this  so-called  “build-up”  phenomenon,  which  is  really  a  bandwidth  limitation, 
are  to  decrease  radar  sensitivity  (received  signal-to-noise  ratio),  resolution,  and  range  meas¬ 
urement  accuracy.  The  magnitude  of  these  effects  depends  upon  the  bandwidth  of  the  signal  rel¬ 
ative  to  the  propagation  time  across  the  array.  Sklar^  has  examined  these  effects  for  a  radar 
transmitting  and  receiving  through  identical,  unirormly  illuminated,  constant-phased  arrays,  for 
a  rectangular  pulse  from  the  transmitter  of  T  seconds  (the  ”build-up"  effect  is  thus  twice  as 


t  The  r&maindcr  of  this  section  is  based  largely  upon  the  work  of  ^lar  in  Ref.  10  (Part  3,  Ch.  II). 
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Fig.  23.  Typical  amplitude  taper. 


Fig.  24.  Resulting  Impulse  response 
envelope  for  target  at  which  is 
b  beannwidths  from  broadside. 


(c]  P-2.5.  (d)  P-3,0. 


Fig.  25,  Envelope  of  response  of  antenna  of  Fig.  23  to  step  function  signal  arriving  p  beamwidths 
from  the  pointing  direction,  which  is  b  beamwidths  from  broadside. 
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pronounced  as  for  one-way  operation  through  an  array).  It  is  assumed  that  the  target  is  at  the 
center  of  both  beams.  The  results  are  given  in  terms  of  the  parameter  T/fi,  where  i5  is  the  one¬ 
way  transit  time  across  the  array 

a  =  —  sint  =  b/f 
C  o  o 

Figure  26  shows  the  decrease  in  signal -to -noise  ratio  (S/N)  from  a  receiver  (u)  matched  to  the 
transmitted  (undistorted)  waveform,  and  (h)  matched  to  the  known  distortion  associated  with  the 
b  beamwidth  position.  In  Fig.  27,  the  lengthening  of  the  base  of  the  output  waveform  of  a  receiver 
matched  to  a  square  pulse  is  j)lotted  against  T/6  as  a  measure  of  the  ultimate  resolution  capa¬ 
bility  of  the  radar  (it  was  found  that  the  ultimate  resolution,  by  this  measure,  was  better  for  the 
receiver  matched  to  the  imdistv^rtcd  pulse,  but  this  judgment  takes  no  account  of  the  decreased 
S/N  obtained).  Figure  28  imlicalcs  Iho  loss  in  range  mousurumeiit  accuracy  associated  with  the 
bandwidth  limiting  of  the  array.  In  all  cases,  it  is  seen  that  things  really  deteriorate  for  T/6 
of  the  order  of  two  or  less. 

Wo  have  shown  that  6  Further,  the  Imndwidth  of  a  T-second  rectangular  pulse  is 

approximately  W  ^  l/Tcps.  if  we  assume  that  Sklar's  results  can  be  generalized  into  bandwidth 
statements  ai)pUcabic  to  any  waveform,  we  can  write  bis  T/6  parameter  in  the  form 

'V  i 

6  b(W7rj  • 

'Thus  the  bandwidth  liinitulion  of  a  constant-phased  array  dictates  the  maximum  number  of  beam- 
widths  we  may  scan  from  broadside  us 

‘'max  “  lOO^f  ' 

where  tOO  W/f^^  is  recognizable  a.s  the  percentage  bandwidth  of  the  signal. 

Despite  its  empimsis  in  this  section,  the  .constant-phased  array  is  not  tlie  worst  offender  with 
regard  to  batidwkltli  limitation  and  is  u.sed  here  only  for  illustrative  piu’])oses  of  the  l)andwidth 
limitation  plienonienon.  'I’liis  effect  i.s  considerably  more  pronounced  in  some  nonconstant-pluised 
arrays  and  in  so-called  "frct|iieney-scanned  arrays."  In  Sec.  IlI-li-1 ,  wc  shall  examine  the  mag¬ 
nitude  of  this  effect  on  several  dilieront  types  of  linear  arrays,  using  the  constant-phased  array 
behavior  as  a  reference  [>oint. 

D.  Two-  and  Three-Dimensional  Arrays  of  Isotropic  Radiators 

An  m  ray  that  can  form  a  beam  having  desired  cliaructeristics  in  two  angular  dimensions 
obvitjusly  mu.st  occupy  two  or  more  dimensions  itself.  In  this  section,  we  shall  discuss  such 
arrays,  making  frequent  appeal  to  linear  array  results.  'Pwo -dimensional  (planar)  arrays  will 
be  discussed  in  some  detail,  and  arrays  on  curved  surfaces,  such  as  cylinders  and  spheres,  will 
be  touched  upon.  The  discussion  will  still  be  restricted  to  arrays  with  isotropic  radiators,  and 
consequently  will  center  upon  array  functions  and  array  factors. 

For  any  surface,  the  element  can  be  located  by  a  vector  ^  from  the  origin  to  the  element 
location  at  x^,y^,z^,  where 

p  =  xi+yj+zk  , 
n  •'n  n 
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with  i,  j,  and  k  as  the  base  unit  vectors.  A  geometrical  argument  similar  to  that  which  led  to 
Kq.{&)  for  linear  array  factors  can  be  used  to  establish  that,  for  a  plane  wave  arriving  from  a 

A 

direction  specified  by  a  unit  vector  R,  the  array  factor  is 

A(</J,e)=  V  ij^exp[jk^-  R]  ,  (4Ea) 

n 

where,  in  spherical  coordinates, 

A  _  _  _ 

R  -  (sin  O  cos  v>)  i  +  (sin6  sin  </>)  j  (cos  O)  k  (42b) 

It  is  seen  that  the  corresponding  array  function  can  be  obtained  by  widting 

R  =  ri  +  uj  +  wk  ,  (42c) 

where  t,  u,  and  v  are  the  respective  direction  cosines  of  R  with  the  x-,  y-,  and  ii-axes. 

1 .  Planar  Array  Factors  and  Array  Functions 

For  a  planar  array  of  elements  as  shown  in  Fig.  29  in  which  the  element  is  located  at 

X  =  ml)  ,  -  mD  ,  Eq.(42)  can  be  rewritten  as 

m  X  ‘'m  y  v  ' 

A(r,p)  -  Yj  Z  cxp(jk(mnj^T  +  nDyiOI  .  (43) 

m  n 

For  example,  for  a  uniformly  illuminated  "  i)  ro<-tangular  array,  with  TVI  rows  and  N 

columns,  where  both  M  and  N  are  odd  so  that  the  center  clement  is  placed  at  x  -  y  =  0  (the  as¬ 
sumption  of  odd  numbers  and  a  centered  array  is  strictly  a  matl'iematical  convenience),  we  have 


z 


F!g.  29.  Generalized  planar  arroy  geometry. 
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Fig.  30.  Construction  of  planar  array  factor 
A(^/6)  by  proiection  of  array  function  A(t,p) 
onto  unit  sphere. 


Fig.  31.  Beam-steering  contours  for  planar 
arrays  lying  in  the  x-y  plane. 
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V 

2j 


(M-1) 


exp  [jkmD^T] 


N-1 

2 

E  u] 

(N-1) 

2  ■ 


Each  sum  can  be  evaluated,  producing  a  result  analogous  to  Eq.  (b)  fur  a  uniformly  illuminated 
linear  array : 


A(r,p) 


/  \ ' 

sin  ^irM  ^  tJ 

sin  pj 

,irD  . 

sin  / _ ^ 

c  i  11  1  3  , 1  1 

\  X  ^ 

Sin  ^  ^  }xj 

(44) 


Beam  positioning  with  planar  arrays  is  accomplished  by  linear  phasing  along  both  array  co¬ 
ordinates.  To  point  the  beam  at  t  ,  w  ,  we  choose  the  currents  i'  to  be  related  to  the  currents 

o’  "^o*  mn 

for  a  broadside  beam  i  by* 
mn 


^nn  '^“P(j(ni«  +  n/S)] 


whore  a  and  p  should  be  chosen  so  that 


a 


-kl)  T 


so  that 


-kU  p 
V  o 


A(t.p)  -  E  ^  ^„n  -  1*0)1}  •  (4S) 

in  n 

In  this  two-diniensionrl  case,  the  array  factor  is  found  by  j)rojocling  the  array  function  onto  the 
unit  sphere,  as  indicated  in  Eig.  30.  This  construction  makes  evident  the  fact  that  all  the  effects 
of  beam  steering  on  tlie  array  factor  (broadening,  a.symmelry,  phase  differentials,  transient 
effects,  etc.)  are  directly  inferable  from  liic  linear  array  results  by  replacing  the  iingli!  4  of 
Sec,Il-A-3by  0  for  planar  arrays.^ 

Note,  however,  that  if  we  piMijetrt  lines  of  constant  a  and  /5  onto  the  unit  sphere,  an  "ogg- 
ci'ato"  ctnislfiicluui  i*esuUs,  as  indicated  in  Fig.  31.  Tt  is  seen  that  the  a  and  fi  j)hasc  shifts  do 
not  prodm  e  ortliogonal  beam  movements.  For  example,  if  the  array  is  oriented  so  that  the  y- 
cooi’dinatc  is  "up,"  a  pliase  shift  corresponds  to  pure  azimuth  pointing,  but  ft  phase  shift  is  not 
pure  elevation  change,  as  indicated  in  Fig.  32. 

It  is  obvious  that  planar  array  functions  must  jwssess  grating  lobes.  In  fact,  they  will  have 
a  two-dimensional  array  of  such  lobes  in  t,  p  space.  Avoidance  of  these  lobes  in  "visible  space" 
hinges  upon  making  proper  choices  of  and  However,  the  additional  degree  of  freedom 

gained  in  the  planar  array  also  permits  "shaping"  the  grating  lobe  pattern  vdth  regard  to  Uie  re¬ 
quired  scanning  volume.  Thus  a  potential  savings  in  number  of  elements  required  for  a  specified 
array  directivity  and  beamwidth  may  be  realized,  as  will  be  seen. 


t^olc  that  with  rcgulhrly  spaced  elements,  this  form  of  steering  phase  indicates  that  the  pliuse  of  the  nin^^  clement  is  the  sura 
of  g  row  phase  raa  nnd  h  column  phase  shift  n^.  Ikis  foci  can  be  put  to  use  in  design  of  planar  arrays  in  several  ways,  as 
explored  in  See.  IH-B. 

tSuch  effects  ave  also  explored  in  fief.  34  for  planar  arrays. 


35 


The  grating  lobes  of  the  array  function  are  given  in  terras  of  t  and  y.  by  solutions  of 

k[mDj^(T  -  T^)  +  nDy(n  -  |i^)]  =  1  ?.! 

for  all  m  and  n,  for  integer  values  of  t  other  than  i  =  0,  which  defines  tlie  main  lobe,  t'or  a 
rectangular  grid,  this  is  equivalent  to  stating  that  grating  lobes  lie  at  the  intersections  in  the 
T,  n  plane  of  the  lines 


i 

.  i  =  0, 

±1.  ai2. 

etc 

-  '‘o  =  rA  ■ 

y 

a  = 

±1>  i2. 

etc 

The  resultant  grating  lobe  pattern  is  rectangular  in  t,  p  space,  as  shown  in  Fig.  33.  This  pattern 
must  be  mappeii  unto  the  surface  of  the  unit  sphere,  as  in  Fig.  30,  to  give  a  true  spatial  distri¬ 
bution;  therefore,  only  the  portion  of  the  pattern  of  Fig.  33  inside  a  unit  circle  centered  at  t  =  0, 
p  =  0  lies  in  visible  space. 


Fig.  33.  Groting  lobe  pattern  for  rectangular 
grid  (D  A  =  5/6,  D  /\  =  1). 

^  7 


The  spatial  distribution  of  grating  lobes  is  rectangular,  as  was  the  original  grid.  If  the  grid 
were  hexagonal,  the  grating  lobe  pattern  would  also  be  hexagonal  (Kef,  10,  pp.  152-154).  This 
reproduction  of  the  grid  is  characteristic,  and  it  is  the  shaping  of  the  grid  to  match  a  specified 
surveillance  volume  that  can  bo  used  to  minimize  the  number  of  elemenl.s  requirod.^^’^^  To 
demonstrate  this  fact  as  well  as  to  derive  a  gonernl  spacing  criterion,  let  us  investigate  the  loca¬ 
tion  of  grating  lobes  along  a  cot  through  Fig.  33,  making  an  angle  y  with  the  t  —  axis.  Note 
that,  for  y  <  the  nearest  possible  grating  lobes  will  be  those  along  the  lino  p  —  -  i/(D^/\). 

Denoting  "distance"  measured  along  the  new  axis  as  u  —  the  distance  at  which  such  a  lobe  can 
be  intersected  is 

U  —  U  t:  - 7-4 - 

o  siny 

(note  that  this  is  the  minimum  distance  if  any  lobes  exist  along  the  ^  ^  axis,  for  the  angle  in 
question). 

It  is  seen  from  Fig.  34  that  the  quantity  (D  A)  siny  is  the  projected  element  spacing  on  an 
axis  making  an  angle  y  with  the  x-axis.'  Comparison  of  the  above  equation  with  Eq.  (33)  imme¬ 
diately  establishes  the  general  result  that  there  will  be  no  grating  lobes  in  visible  space  when 

tNole  that  the  particular  y  chosen  for  illuslralion  in  Tig. 33  does  not  actually  yield  a  grating  lobe  along  the  line  fi  ^  fi^  +  l/(Dy/y), 
since  the  particular  angle  chosen  does  not  correspond  to  an  angle  which  yields  equal  projected  spacings  along  the  line  of  Fig.  34. 
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Ti-*i-ini  I 


Fig.  34.  Prajected  element  spacings. 


■y\ 

\  ' 

'.-W' 


2^ 


scanning  off  broadside  to  an  angle  if  element  spacing,  projected  on  the  scanning  axis, 

satisfies 

J2  <  < _ 

\  l+sinlO^„^|  • 


which  is  precisely  tlie  criterion  for  linear  arrays  [Eq.  (34))  as  plotted  in  Fig.  ZZ. 


2,  Planar  Array  Taper  Considerations 

The  predonunant  factors  affecting  the  choice  of  the  for  planar  arrays  are  the  same  us 

tliosc  for  linear  arrays:  taper  efficiency  (directivity),  sidelobe  levels,  and  beamwidth  consid¬ 
erations,  and  perhaps  beam  shaping  as  well. 

The  properties  of  several  amplitude  tapers  for  directive  beams  will  be  discussed  and  com¬ 
pared  in  this  section,  and  it  will  be  pointed  out  that  linear  array  synthesis  techniques  can  often 
be  conveniently  used  by  reducing  the  planar  array  to  a  number  of  "equivalent"  linear  arrays. 

Since  we  sliall  be  most  interested  in  highly  directive  beams,  let  us  first  investigate  the  ex¬ 
plicit  relationship  for  the  directivity  of  a  planar  array  in  terms  of  the  illumination  function.  The 
directivity  of  a  planar  array  is  defined  exactly  as  in  Eq.  (10)  with  appropriate  notation  changes 
to  include  both  spatial  angles: 


U(v„. 


4-i/aU 

Space 


d£2 


(46) 


It  was  established  in  Sec.IE-A-Z  that  the  array  factor  of  a  large  array  closely  approximates  that 
of  a  continuous  antenna  near  the  main  lobe.  Thus,  if  the  array  function  is  such  that  almost  all 
the  power  in  a  period  of  the  pattern  is  in  the  main  beam  and  first  few  sidelobes  and  no  visible 
grating  lobes  exist,  the  directivity  expression  for  a  continuous  aperture  [Ref.  4,  Eq.  (19),  p.  177 
and  Eq.  (55),  p.  188]  may  be  used: 
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(47) 


iff  i(x,y)  dx  dy|^ 

\J{(p  COS0  — — - = -  , 

“  //|i(x,y)|2dxdy 


4ir 


where  the  integrals  are  understood  to  extend  over  the  antenna.  By  the  Schwarz  inequality/^  it 
can  be  shown  that 


1  / /  i(x,  y)  dx  dyl^ 
If  |i(x,y)|^  dx  dy 


=  .|A 


0«.|. 


[48) 


where  A  is  the  physical  area  of  the  antenna  and  73  iSj  as  for  linear  arrays,  the  taper  efficiency 
or  illumination  efficiency.  It  is  unity  for  i{x,y)  constant  over  the  entire  aperture  and  is  tabulated 
for  other  common  lapers.t 

The  directivity  can  be  expressed  in  terms  of  the  actual  taper  coefficients  by  noting  that,  for 
large  numbers, 

ff  i(x.y)dxdy».  EZ‘mn'^x°y 


for  i^^^  -  i(inU^,nI3^).  By  a  similar  equivalence  in  the  denominator  of  (48),  it  follows  that 


Iff  i(x.y)  dxdyl^-  I  i-'i; 

//  |i(x,y)|^  dxdy  ~  i;?; 

K  i)ND  D 
x  y 

wlicre  N  is  t)io  total  mimljer  of  elements  in  tlie  array.  Tlius,  for  a  large  array, 
we  eun  write 

U(y)  ,0  )  1}  eosO 


(49) 

since  ND  D  -  A, 
X  y 

(.=.0) 


or,  alternatively. 


U((f)  ,0  ) 


U  D 
X  y 


cos  O 


(51) 


if  no  grating  lobes  e-xist.  In  the  event  tlint  grating  lobes  exist  at  angle.s  .  the  denominator  of 
Kq.  (46)  will  be  altered  and 


y (</>„.%)  «4, 


_A 


L 


cos  0„ 


(5^) 


indicating  that,  very  crudely,  the  directivity  is  reduced  by  the  factor  of  1  +  L  for  L  grating  lobes 
in  visible  space.  From  Eq.(51)  it  is  seen  that  for  a  fixed  number  of  elements,  the  directivity  is 
maximized  by  using  the  widest  element  grid  spacing  commensurate  w.ith  the  requirement  that 
grating  lobes  he  avoided  in  visible  space. 


tScc,  for  example.  Fig. 36(a). 
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Our  results  from  linear  arrays  would  lead  us  to  expect  that  planar  arrays  have  broadside 
beamwidths  in  the  x-a  and  y-z  planes  related  to  the  array  dimensions  by 


X 


K„ 


MD^/X 


y 


(53) 


The  value  ot  each  K  depends  upon  the  array  taper  in  the  plane  in  question  (see  the  discussion  of 
“equivalent  linear  arrays*'  below). ^ 

The  shape  of  the  array  grid  is  dictated  by  the  shape  of  the  scanning  volume  required, ^  where¬ 
as  the  shape  of  the  array  outline  is  often  dictated  by  the  shape  of  the  beams  one  wishes  to  generate. 

If  markedly  different  patterns  arc  desired  in  two  orthogonal  planes  (azimuth  and  elevation), 
it  is  often  advantageous  to  use  rectangular  arrays  with  sides  parallel  to  the  specified  planes  and 

separable  illumination;  that  is,  =  i  i  ,  such  that 
- — -  mn  m  n 


AiT.ii)  ^  Y,  ijn‘n ~  ^ 

m  n 


-  T  oxpljkmiyr  -  T^))  exp  [jknlly(p  -  ] 

m  n 

-  Aj(i)  A^M  ,  (54) 

where  and  A^  are  synthesized  by  linear  array  techniques. 

When  more  symmetrical  patterns  are  desired,  the  use  of  separable  illumination  lias  a  dis¬ 
advantage  which  may  or  may  not  be  serious.  Along  the  P  =  axis,  for  example,  the  sidelobe 
levels  are  those  of  A.|(t)  only,  since  A^  is  a  maximum.  Away  from  both  the  r  =  and  P  = 
axes,  the  sldolobes  arc  lower  as  a  result  of  the  product  ot  A-^A^,  both  le.ss  than  their  maximum. 
i''<)r  example,  the  array  function  for  a  uniformly  illuminated  rectangular  aperture  was  given  by 
Eq.  (44).  The  function  yields  first  sidclobos  ot  about  1  3.2 db  below  the  main  beam  along  the  two 
axes.  Off  the  axes,  the  sidclobos  are  lower,  in  particular,  along  the  diagonals  (t  -  "  p  -  p^). 

the  first  sidclobes  are  twice  ,as  low  in  decibels,  — 26.4db. 

Cc'"scquc;ntly ,  for  a  given  highest  sidelobe  level,  the  taper  efficiency  (i)  =  ’Ij’lg)  lower  for 
separable  illumination  than  can  be  realized  by  nonseparablc  means,  although  the  average  sidelobe 
level  should  be  comparable  to  tapers  of  like  values  of  i|. 

if  a  clrcuiarly  symmetric  pattern  is  desired,^ a.i  array  shape  approxim.ating  a  circle  may 
be  desirable,  for  which  specific  amplitude  tapers  h.ive  been  developed.  We  shall  therefoi  e  dis¬ 
cuss  first  the  idrrular  array  case,  tor  which  tapers  have  been  designed.  In  addition,  since  cer¬ 
tain  pha.sing  techniques  are  more  easily  adapted  to  rectangular  arrays,  the  necessity  for  a  pro¬ 
cedure  for  nonseparable  illumination  synthesis  exists.  Therefore,  we  shall  also  outline  a  tech¬ 
nique  for  more  general  synthesis. 


t  For  circularly  symraetrical  taporu,  valuca  of  K  arc  iadcpcndcat  of  the  plane  in  question  and  are  tabuiated.  in  Fig.  36(h). 
t  Ignoring  for  now  the  prnclieni  hnrdvrnrc  compromiaes  which  may  favor  certain  grid  shapes  or  array  shapes.  Those  considerations 
are  discussed  in  Sec.  Ill-H. 

gNote,  however,  that  the  array  symmetry  will  dictate  only  the  symmetry  of  the  beam  shape  and  near-in  sidelobe  structare.  The 
element  grid  will  still  govern  the  grating  lobe  location. 
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By  the  continuous  antenna  model,  the  array  factor  of  a  large,  evenly  illuminated,  circular¬ 
shaped  array,  as  shown  in  Fig.  35,  will  have  a  near-in  structure  of  the  form 


A(e)  M 


sine) 
~kp^  sin  e 


(55) 


where  Jjj(x)  is  the  Bessel  function  of  the  first  kind  of  order  n.  This  function  has  a  half -power 

beaniwidth  coefficient  of  K  -  58.5,  defined  bv 
o 


K 

(Cl  -  ° 

^o  -  2^ 


(56) 


where  is  the  radius  of  the  aperture.  The  first  sidelobes  are  approximately  — 17.6db. 

If  lower  close-in  .sidelobes  are  desired  wiili  a  circular  array,  additional  techniques  from  the 
theory  of  continuous  apertures  can  be  used.  The  properties  of  two  important  classes  of  circu¬ 
larly  symmetric  amplitude  tapers  for  obtaining  narrow  beams  from  circular  antennas  are  sum¬ 
marized  in  Fig.  36(a-b),  witli  respect  to  illumination  efficiency  7}  and  half-power  beamwidth  coef¬ 
ficient  K  . 

o  + 

The  family  of  tapers  of  the  form ' 


a(p)  - 


0  <  P  <  pQ 


p  >  p 


o 


(57) 


has  been  investigated,  where  h  is  a  parameter  denoting  the  normalized  "pedestal"  height  in  the 
same  manner  as  for  linear  array  “cosine  tapers."  In  fact,  the  radial  variation  of  those  amplitude 
tapers  is  similar  to  that  of  the  cosine  taper  (for  N  -  1),  and  cosine-sqiuired  taper  (for  N  =  2) 
sliown  in  Figs.  8  and  9.  Figure  36  shows  th.at  the  performance  of  this  class  is  quite  good  it  a 
sufficiently  largo  N  is  used. 
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The  taper  derived  by  Taylor  and  tabulated  by  Hansen  is  an  approximation  to  an  "optimum'* 
in  the  Uolph  sense  of  minimum  beamwidth  for  a  given  highest  sidelobe  level;  as  an  approximation, 
it  is  occasionally  inferior  to  the  previous  class  in  terms  of  beamwidtli,  as  seen  in  Fig.  36.  (To 
the  host  of  this  wi  iter's  knowledge,  no  aperture  efficiency  data  exist  for  the  Taylor  taper;  there¬ 
fore,  Fig.  36  presents  only  highest  sidRloho  level  vs  beamwidth  data.)  The  parameter  n  given 
in  Fig.  36  is  numerically  one  greater  than  the  number  of  sidelobes  that  are  chosen  to  be  of  ap¬ 
proximately  equal  amplitude,  before  the  sidelobes  begin  to  decay,  as  indicated  in  Fig.  37  (this 
decay  is  immediate  for  the  other  tapers).  Larger  values  of  n  tend  to  sharpen  the  beam  but  would 
be  expected  to  decrease  the  gain.  Uepresentative  small  and  large  values  of  n  are  Included.  The 
corresponding  amplitude  taper  for  a  large  array  is  shown  in  Fig.  38.  Note  that  large  values  of  n 


t'llie  corresponding  far  field  is  of  the  form 

A(u)  =  hA|(u)  +  ,  u  kpjj  sin  0  ,  (58) 

where  the  A^functions  nro  tabulated  functions  (Hef.  37)  related  to  the  Bessel  functions.  Tne  sidelobes  are  monotonically  dc* 
creasing,  except  for  certain  combinations  of  large  N  and  small  h,  for  which  the  highest  sidelobe  may  not  be  the  first,  but  will 
be  close-in. 
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(a)  Principal  plone  cut. 


(b)  Cut  at  45°  to  principal  plane. 


Fig.  38.  Two  equivalent  linear  arrays  contained  in  the  uniform  circular  array  of  Fig.  35. 


(many  equiamplitude  sidelobes)  require  amplitude  tapers  peaked  at  the  array  edges.  Such  dis¬ 
tributions  are  sensitive  to  edge  effects  when  real  elements  are  used. 

For  more  general  analysis  and  synthesis  of  planar  array  patterns,  a  useful  technique  is  that 
of  reducing  the  planar  array  to  "equivalent”  linear  arrays.  Although  this  technique  does  not  rep¬ 
resent  a  panacea  as  far  as  the  actual  amount  of  work  required  to  analyze  or  synthesize  a  planar 
array  taper  is  concerned,  it  puts  the  problem  into  a  simple  linear  array  context,  facilitating 
the  formal  mathematics  and  clarifying  the  cause-and-effect  relationships. 

It  can  be  seen  that  the  array  function  of  Eq.  (45)  along  the  axis  p  =  is  given  by 

‘mn]  expIjkmD^(T-  T^)l  .  (59) 

m  *■  n  ** 

This  is  of  the  form  of  an  array  function  for  a  linear  array  of  elements  along  the  x-axis  of  Fig.  29 : 

=  E  ‘in  “ '^o’l  ' 

m 

where  the  currents  of  this  equivalent  linear  array  are  given  by 

i'  =  y  i 

m  ^  jiin 
n 

That  is,  the  drive  to  the  element  of  the  equivalent  linear  array  is  the  sum  of  all  the  drives 
of  the  row  of  the  planar  array  (the  linear  array  "elements"  are  the  rowK  of  the  planar  array). 

Similarly,  we  can  choose  an  equivalent  linear  array  to  generate  the  r  =  pattern.  For  the 
simple  case  of  separable  amplitude  taper  (ijjj„  ■=  discussed  previously,  the,se  two  pattern 

"cuts"  suffice  to  define  the  entire  planar  array  function.  For  more  complicated  situations,  ad¬ 
ditional  cuts  are  usually  necessary.  Cuts  parallel  to,  but  not  coincident  with,  the  ""  "  "“q 
(1  =  axes  can  be  made,  but  the  resulting  expressions  are  complex  and  afford  little  insight.  It 
is  usually  preferable  to  take  additional  cuts  by  (at  least  conceptually)  rotating  the  array  in  the 
coordinate  system  about  an  axis  through  its  center  and  take  all  cuts  along  the  p  =  axis  as  the 
array  is  rotated.  Two  such  cuts  on  an  evenly  illuminated  circular  array  are  shown  in  Fig.  38. 
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HIGHEST  C'.OSE-IN  SIOELOBE  LEVEL  Mb) 


Fig.  39.  Maximum  value  of  Ng,/}iN|'  and  N^/Nj 
for  specified  highest  sidelobe  ratio  for  typical  cir¬ 
cular  array  taper. 


Fig.  40.  Density-tapered  circular  planar 
array.  (Reprinted,  with  permission  of  the 
IRE,  from  R.E.  Willey,  Ref.  24.) 


Fig.  41 .  Pattern  cut  on  density-tapered  array.  (Reprinted,  with  permission  of  the  IRE, 
from  R.E.  Willey,  Ref.  24.) 
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While  the  element  spacing  can  become  quite  complex,  it  will  be  recalled  that  the  envelope  of  the 
illumination  is  of  primary  impintance  and  taking  cuts  in  this  manner  makes  the  envelope  shape 
evident.  If  the  desired  general  taper  shape  is  known,  a  great  deal  of  preliminary  "juggling"  can 
be  carried  out  on  the  taper  before  any  patterns  are  computed. 

The  formulas  derived  for  density  tapering  of  linear  arrays  can  be  directly  generali7.ed  to 
include  the  planar  array.  However,  for  specified  first  sidelobe  levels,  the  quantity  N 

^max*^ 

(which,  it  will  be  recalled,  determines  the  lowest  far-out  rms  sidelobe  level  and  the  maximum 
directivity  attainable  in  a  density-tapered  array)  is  numerically  different.  For  example,  for  a 
circular  array  with  the  highest  order  (N  =  3)  taper  whose  efficiency  is  tabulated  in  Fig.  36(a),  the 
curves  of  Fig.  39  can  be  generated  (compared  with  Pig.  13  of  Sec.  II-A-2  for  linear  arrays).  Ry 
an  argument  similar  to  that  put  forth  for  linear  arrays,  and  the  data  of  Fig.  39,  it  follows  that 
for  low  sidelobe  tapers  (R#-30db)  on  planar  arrays  with  maximally  dense  tapers  (P  =  1).  the  side- 
lobes  should  be  down  about 


H 


10  log,  - 

^10  IjNrp 


(61) 


if  all  sidelobe  peaks  are  of  equal  height.  If  the  array  is  thinned  (P  «  1),  Eq.  (25)  applies  directly 
to  the  planar  array  case 


R 


db 


10  log 


10  N 

a 


(25) 


F:-.gure  40  shows  a  density  taper  with  N,p  w  4000  and  =  900,  and  P'ig.  41  shows  a  typical 
pattern  cut,  and  tlie  R  =  28.5  level  predicted  by  Eq.  (61).  The  design  was  bused  on  Taylor's  cir¬ 
cular  antenna  tajjer  discussed  aoove  for  — 25-db  first  sidelobes  and  n  -  10. 

The  directivity  of  a  planar  density -tapered  array  is  related  to  that  of  the  equivalent  ampli¬ 
tude  taper  by  Eq,(26): 


3L 

u 


(26) 


Thus  Eq.  (51)  can  bo  used  for  the  directivity  of  either  density-  or  amplitude -tapered  arrays  by 
interpreting  rj  as  the  amplitude  taper  efficiency  (ij  “  1  for  density  taper)  and  replacing  N  by 
the  number  of  active  elements  (N^  =  for  an  amplitude -tapered  array), 

The  miniiiium  divectivily  degradation  factor  for  circular  density-tapered  planar  arrays  is 
ea.sily  determined  from  Fig.  39.  It  is  seen  that  for  arrays  with  a  maximum  center  density  (P  =  1), 
for  low  sidelobe  tapers  and  fur  equal  the  density -tapered  array  has  about  2  to  3  db  less  di¬ 

rectivity  tiian  a  similar  amplitude-tapered  array.  However,  as  P  becomes  small,  the  ratio  of 
the  directivities  approaches  P. 

The  actual  technique  used  for  designing  density  tapers  .involves  much  "cut  and  try."  Willey^"^ 
uses  an  "annular  ring"  approach  in  which  the  array  is  divided  into  rings  of  one  element  spacing 
in  width,  and  an  attempt  is  made  to  distribute  the  elements  evenly  over  the  ring  with  a  density 
corresponding  to  the  integral  over  that  ring  of  the  amplitude  taper  being  used  as  a  model. 


3,  Array  Factors  for  Arrays  on  Curved  Surfaces 


It  has  been  pointed  out  that  there  are  a  number  of  pattern  effects 
ning  of  the  beams  of  a  linear  or  planar  array.  These  effects  become 


which  accompany  the  scan- 
so  pronounced  at  wide  angles 
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of  scan  that  the  usable  "field  of  view"  of  such  arrays  is  limited.  It  seems  logical,  then,  to  ex¬ 
amine  arrays  on  surfaces  of  revolution  such  as  cylinders  and  spheres,  as  indicated  in  Figs.  42 
and  43. 

There  arc  a  number  of  obvious  advantages  to  such  arrayc  and  some  disadvantages.  Con¬ 
stancy  of  beam  shape  with  scan  angle  along  the  curved  surface  is  an  obvious  advantage.  Further¬ 
more,  no  grating  lobes  will  be  obtained  from  such  arrays,  since  the  appropriate  form  of  Fq.  (42) 
is  not  periodic.  Finally,  there  are  certain  phasing  techniques  which  are  naturally  adaptable  to 
arrays  on  such  surfaces.^ 

These  advantages  have  led  to  widespread  use  of  cylindrical  arrays,  particularly  in  com¬ 
munications  applications  where  scanning  in  only  one  plane  is  required  (^-plane  of  Fig.  42). 

Despite  the  lack  of  real  grating  lobes,  it  is  found  necessary  to  use  a  spacing  along  the  array 
arc  of  appreciably  less  than  a  wavelength^  with  most  published  synthesis  work  based  on  using 
\/2  or 


t  For  example,  the  Luneburg  lens  (Sec.  1II~B,  also  Ref.  43),  llie  Wullenwebber  array  (Ref.  44)  and  the  radial  waveguide  scanner  (Ref.  45). 
tbnpublished  work  of  R.  Tang,  Hughes  /Vircraft  Co.,  Fullerton,  California. 
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The  spherical  surface  possesses  some  intrinsic  difficulties  for  array  design.  For  large 
numbers  of  elements,  it  is  impossible  to  space  all  elements  by  equal  distances,  and  one  incurs 
the  difficulties  of  unequally  spaced  arrays,  as  pointed  out  in  Secs.  II-A-2  and  ii-C-i.  In  addition, 
there  are  polarization  difficulties  that  arise  with  real  elements,  in  that  it  is  impossible  to  pre¬ 
serve  the  spherical  symmetry;  one  cannot  arrange  the  radiators  so  tliat  ail  appear  to  be  polarized 
in  the  same  direction  from  all  angles.  Thus,  if  in-phase  radiation  is  to  be  obtained  over  wide 
angles,  one  must  vary  both  the  phase  of  the  elements  and  their  polarization  as  a  function  of  scan 
angle. 

An  important  consideration  to  the  systems  designer  is  the  number  of  array  elements  required 
for  a  given  radar  task,  and  the  question  of  what  array  surface  minimizes  the  total  number  of  ele¬ 
ments  is  certainly  germane.  However,  a  discussion  of  this  point  will  be  deferred  to  Sec.II-C-t, 
since  the  properties  of  real  antenna  elements  influence  the  conclusion. 

40-42 

In  addition  to  synthesis  techniques  tailored  to  arrays  on  curved  surfaces,  one  can  make 
use  of  the  amplitude  and  density  tapers  appropriate  for  planar  arrays  and  linear  arrays  for  large 
curved  arrays,  at  least  qualitatively,  by  choosing  the  element  drives  such  that  a  geometrical 
optics  projection  of  the  array  illumination  onto  a  fictitious  flat  aperture  between  the  observer  and 
the  array  has  desirable  properties.^  However,  it  will  be  seen  that  the  transition  from  isotropic 
elements  to  real,  elements  can  alter  any  conclusions  about  curved  arrays  much  more  so  than  for 
flat  arrays. 

C.  Arrays  of  Real  Radiators 

The  extension  and  modification  of  the  results  of  the  previous  discussions  for  application  to 
arrays  of  nonisotropic  radiators  will  be  pursued  in  this  section.  We  shall  hereafter  restrict 
ourselves  only  to  the  assumption  that  all  elements  are  nominally  identical. 

There  are  many  types  of  radiators  usable  in  array  antennas,  even  for  wide-angle  scanning 
arrays  in  which  the  element  spacing  requirement  somewhat  restricts  the  number  of  ijsable  types 

to  those  of  small  (»X/2)  cross  section.  Among  element  types  considered  for  such  arrays  are 
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dipoles,  slots,  helices,  spirals,  open-end  waveguides  (horns),  log-periodlcs,  conical  log- 
48  49 

snirals  and  j)olyrods.  These  radiators,  when  examined  singly  (an  i.S(>latcd  antenna  in  free 
space),  offer  a  range  of  {x)lari7.ation,  pattern,  and  impedance  characteristics  which  have  been 
the  subject  of  investigation  elsewhere  in  the  literature  and  will  not  be  explored  here.  This  re¬ 
striction  is  due  not  only  to  a  space  limitation,  but  also  to  the  fact  that  the  properties  of  an  antenna 
when  isolated  are  not  the  sole,  or  often  even  the  dominant,  determinant  of  the  performance  of 
the  array.  An  important  additional  parameter  is  the  "mutual  coupling"  between  antenna  elements. 

For  example,  the  modification  that  must  be  made  of  our  isotropic  radiator  theory  to  account 
for  the  effect  of  real  radiators  on  ari'ay  patterns  will  be  shown  to  involve  the  patterns  obtained 
when  the  elements  of  a  large  array  are  excited,  one  at  a  time,  while  all  others  are  passively 
terminated  in  the  impedance  from  which  they  are  usually  driven.  If  the  antennas  did  not  couple 
to  each  other  through  their  fields,  these  "element  patterns"  would  all  be  identical  to  the  pattern 
of  an  isolated  antenna  of  the  same  type.  However,  the  radiators  ^  couple,  and  for  close  spacings 
the  coupling  is  sufficiently  strong  so  that  the  radiation  from  the  surrounding  elements,  due  to 
parasitically  induced  currents,  causes  the  pattern  of  an  element  in  the  environment  of  an  array 


tSome  computed  patterns  for  cylindrical  arrays  based  on  this  tediniquc  can  bs  found  in  Ref.  >16. 
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of  terminated  elements  to  differ  markedly  from  the  pattern  of  an  isolated  element  in  amplitude, 
phase,  and  perhaps  polarization  as  well. 

In  addition  to  affecting  the  array  pattern  performance  through  its  effect  on  the  element,  fac¬ 
tors,  the  coupling  between  antennas  represents  a  source  of  concern  to  transmitter  and  receiver 
engineers.  On  transmission,  the  coupling  of  energy  from  one  antenna  into  a  second  sets  up  a 
wave  in  the  field  of  antenna  number  two  traveling  toward  the  generator  of  that  antenna.  Since 
the  output  of  generator  one  is  coherent  with  the  output  of  generator  two,  differing  only  in  relative 
phase  (depending  upon  the  direction  in  which  the  array  beam  is  pointed),  a  standing-wave  pattern 
is  set  up  in  the  feed  of  the  antenna.  This  coupling  between  transmitting  antennas,  therefore,  can 
be  conveniently  modeled  by  considering  the  antenna  as  possessing  an  apparent  driving  impedance 
that  would  cause  the  same  standing-wave  pattern.  This  impedance  varies  with  the  phasing  of  the 
array  (beam  pointing  direction).  The  transmitter  engineer  has  to  contend  with  this  load  variation 
and  its  possible  attendant  problems,  such  as  transmitter  dexuning  (pulling)  and  breakdown  prob¬ 
lems  due  to  the  standing  wave.  In  a  receiving  array.  Die  current  excited  on  each  antenna  by 
the  incident  wave  sets  up  a  scattered  field  which  couples  to  other  antennas.  The  effect  of  this 
coupling  is  such  that  the  receiver  Input  impedance  that  extracts  the  maximum  power  from  the 
incident  wave  is  the  same  as  the  optimum  generator  impedance  for  the  same  array  as  a  trans¬ 
mitting  array.  Thu.s  the  receiver  engineer  must  be  concerned  with  coupling  for  receiver  input 
impedance  consideration. 

In  the  following  pages,  we  shall  attempt  to  examine  the  magnitude  of  the  foregoing  effects 
and  their  implications  on  array  performance.  B'irst,  we  shall  examine  the  effects  of  real  radi¬ 
ators  on  the  patterns  of  arrays  and  arrive  at  a  relatively  simple  representation  for  the  patterns 
which  is  applicable  to  the  most  important  types  of  arrays  for  radar  use.  An  expression  for  the 
gain  of  such  arrays  of  real  radiators  will  then  be  formulated.  The  expression  for  the  pattern 
shape  and  the  gain  of  the  array  will  include  mutual  coupling  effects  implicitly  through  an  "element 
factor"  and  a  related  "element  gain  function"  (the  latter  is  later  demonstrated  to  involve  the  el- 
eicieiil  iiupcduncc  variation  with  scan).  Wo  shall  then  present  analytic  results  for  the  element 
pattern,  gain  function,  and  impedance  variations  for  an  important  (and  analyzable)  type  of  array 
element:  dipoles  above  a  ground  plane.  Finally,  we  shall  estimate  the  extent  to  which  the  dijjole 
results  are  applicable  to  other  types  of  radiators,  and  indicate  a  possible  fundamental  limit  on 
the  extent  to  which  the  choice  of  radiator  type  can  reduce  the  coupling  problems,  particularly 
that  of  the  apparent  clement  impedance  variation  with  scan  angle. 

1.  Effects  of  Heal  Radiators  on  Array  Patterns 

For  a  large  class  of  arrays,  it  is  possible,  both  in  theory  and  practice,  to  drive  one  single 
element  of  an  array  while  all  others  are  lermunaled  in  their  normal  drive  impedance.  Such  is 
the  case  whenever  we  can  consider  the  element  drives  to  be  independent  generators,^  as  shown 
in  Fig.  44,  such  that  all  voltage  generators  but  one  can  be  shorted  without  affecting  the  circuit 
impedance  of  any  antenna.  We  can  determine  the  pattern  of  each  element  in  the  array  when  that 
element  is  driven  with  a  voltage  such  that  one  ampere  of  current  flows  into  the  antenna  terminals 


tSome  additional  effects  of  mutual  coupling  on  arrays  which  cnnnol  be  considered  to  be  independently  driven  are  examined  in 
Sec.  III-B-l. 
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Fig,  44.  Equivalenf  circuit  for  nfh  element  Fig.  45.  Comporison  of  mognitude  of  single  dipole 

drive  of  independently  driven  elements.  pattern  and  pattern  of  dipole  in  large  array  of  sim¬ 

ilar  radiators  on  a  0.6-X  square  grid. 


at  some  zero  phase  reference  and  call  this  vector  quantity  ©)  for  the  element.  Then, 

by  superposition,  for  an  arbitrary  array  surface,  wc  have  from  Eq.  (42)  that  the  array  vector 
far  field  is 

V'{(p,e)=  O)  expljk^  ■  H]  ,  (62) 

n 

where, *1^  more  explicitly  slated, 

f  {^,  0)  is  the  vector  pattern  obtained  when  only  the  element 
is  driven,  v/ith  one  ampere  of  current,  with  all  other 
elements  terminated  in  their  usual  generator  imped¬ 
ance  and  any  ground  planes  and  reflectors  in  place,  and 

i^  is  the  current  in  amperes  that  would  be  flowing  in  the 

feed  line  if  all  other  elements  were  passively  terminated 
in  their  usual  generator  impedance  (i.c.,  the  current  in 
the  feed  due  solely  to  the  element  generator,  not 
including  that  coupled  into  the  element  from  any  other 
generators). 

The  utility  of  these  definitions  (Sec.II-C-3  considers  a  different,  compatible  set)  arises  from 
the  fact  that,  bulh  coiuputationally  and  experimentally,  one  driven  element  in  a  passively  ter¬ 
minated  array  is  easier  to  cope  with  than  all  elements  simultaneously  driven,  and  many  impor¬ 
tant  effects  of  mutual  coupling  can  be  ascertained  from  the  element  patterns. 

Since  is  actually  the  pattern  of  the  entire  array  when  the  excitation  of  the  array  is 

that  due  to  mutual  coupling  among  the  elements  when  only  the  n^^  element  is  driven,  it  is  a  func¬ 
tion  not  only  of  the  particular  radiator  configuration,  but  also  of  the  location  of  the  driven  radiator 
relative  to  the  other  elements  of  the  array  and  the  element  generator  impedances. 

For  example.  Fig.  45  illustrates  a  typical  computed  difference  between  a  power  pattern 

of  a  single  dipole  above  grottnd  and  the  element  pattern  of  that  same  dipole  completely  surrounded 

by  a  field  of  similar  dipoles.  The  dipoles  are  spaced  on  a  D  =  D  =  0.6 \  grid,  and  are  mounted 

X  y 


tThc  quantities  F(^j  ond  {(0,0)  may  be  thought  of  as  representing  either  the  E-  or 


h-fields,  as  long  as  the  two  are  compatible. 
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(b)  Gain  function  of  center  element  of  7-element  orray. 


Fig.  46.  Depolarization  of  element  when  placed  in  array.  (Both  figures  reprinted, 
with  permission,  from  L.  I.  Parod  and  R.  W.  Kreutel,  Ref.  60.) 


a  quarter -wavelength  above  a  large,  perfectly  conducting  ground  plane.  The  generator  impedances 
indicated  are  those  that  maximize  |f(0,0)j^  in  the  two  cases.  The  difference  between  the  isolated 
behavior  and  the  ’‘in  the  array”  behavior  is  evident. 

For  radiators  which  can  support  more  than  one  polarization  mode,  the  polarization  of  an  ele¬ 
ment  may  also  be  different  in  and  out  of  an  array.  CirculaxTy  polarized  radiators,  such  as  hel- 
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ices,  spirals,  etc.,  have  been  shown  to  be  capable  of  coupling  in  such  a  manner  that  if  one  ex¬ 
cites  the  terminal  of  such  a  radiator  which  produces  left-hand  circularly  polarized  radiation  in 
an  isolated  radiator,  the  "first -time-around"  coupling  to  adjacent  radiators  appears  at  the  ter¬ 
minal  which  would  radiate  right-hand  circular  polarization.  If  this  terminal  is  not  properly  ter¬ 
minated  (as  might  be  the  case  if  the  radiators  were  designed  for  only  a  single  polarization,  such 
that  no  pliysical  termination  is  provided  for  the  opposite  sense),  the  parasitically  induced  radia¬ 
tion  caused  by  the  coupling  to  the  driven  radiator  will  be  largely  opposite  sense.  Thus  the  mutual 
coupling  can  cause  undesirable  deviations  from  circular  polarization.  Furthermore,  the  devia¬ 
tion  varies  with  angle.  An  example  of  this  effect  is  indicated  by  Fig.  46,  showing  the  pattern  of 
an  open-waveguide,  ciruularly  polarized  radiator  when  isolated,  and  when  it  is  the  center  element 
of  a  7-element  array The  pniterns  were  taken  by  spinning  a  receiving  dipole  rapidly  so  that 
the  "fine-grain"  ripple  measures  the  departure  of  the  pattern  from  pure  circular  polarization. 

The  depolarization  and  its  variation  are  evident. 

Finally,  coupling  may  alter  the  phase  of  the  radiator  pattern  at  a  given  point  in  space,  but 
the  consequences  of  this  alteration  are  usually  negligible  in  large  arrays. 

Unfortunately,  expressions  for  the  for  any  radiator  type  are  quite  complicated  if 

they  are  obtainable  at  all.  Nevertheless,  all  the  element  patterns  as  defined  in  Eq.(62)  could 
be  individually  measured  or  perhaps  numei'ically  calculated.  This  is  not  usually  necessary,  for¬ 
tunately,  if  the  array  is  regularly  spaced.  One  can  formulate  an  argument  (Uef.  14,  pp.  187-193) 
that  for  tlie  usral  radar  case  of  elements  polarized  parallel  to  a  ground  piano,  the  effects  of  mu¬ 
tual  coupling  (o.g.,  induced  current  between  two  elements)  varies  with  separation  D,  at  least  as 
fast  as  1/D^  for  large  U.  With  this  asymptotic  behavior,  the  effect  of  mutual  coupling  is  quite 
localized  in  cases  of  practical  interest.  Thus  the  variation  of  element  patterns  and  element  im¬ 
pedance  in  a  large,  regularly  spaced  array  can  be  satisfactorily  measured  or  calculated  on  a 
much  smaller  array.  For  example,  measurements  on  dipole  arrays  usually  indicate  that  ele¬ 
ments  more  than  two  positions  fro»^’  xhe  array  edge  have  practically  identical  element  patterns, 
as  typified  by  Fig.  47,  which  show^  tiie  Il-plane  power  pattei  Jis  of  some  of  the  first  eight  elements 
of  an  array  of  16  equally  spaced  {0.5.9  X)  parallel  dipoles  (the  second  eight  patterns  tend  to  be 
mirror  images).  It  is  seen  that  only  the  outer  element  patterns  differ  noticeably,  and  the  other 
three  elements  shown  are,  for  practical  purposes,  identical.  The  degree  to  which  the  similarity 
of  element  patterns  depends  upon  the  elements  being  equally  spaced  can  be  seen  by  reference  to 
Fig.  48,  which  shows  some  of  the  patterns  of  the  first  eight  elements  of  an  unequally  spaced  ar¬ 
ray  (Ref.  11  and  Ref,  12,  Part  3,  Ch.I,  Sec.C). 

It  is  seen  from  Eq.  (62)  and  Figs.  47  and  48  that  the  element  patterns  weight  the  currents  in 
a  manner  which  varies  with  angle;  that  is,  if  we  fix  the  angles  tp^  and  0^,  the  scalar  representa¬ 
tion  of  the  far  field  of  the  array  at  those  angles  will  be  the  same  as  that  of  an  array  of  isotropic 
(nondirectional)  radiators,  having  exciting  currents  i^; 
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Fig.  47.  H-plane  element  patterns  of  dipoles 
V4  above  ground  in  equally  spaced  parallel 
linear  arroy. 
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Fig.  48.  H-plane  element  potterns  of  dipoles 
V4  above  ground  tn  unequally  spoced  parallel 
linear  array. 
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Fig.  49.  Element  pattern  geometry 
for  curved  arrays. 
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(63) 


F(Vl.ei)  =  r  in  coS(f)^  +yj^sine^  sin.^j)l 

m  n 

where  the  apparent  drives  are  given  by  the  product  of  the  actual  current  and  the  scalar  element 
pattern  at  the  angles  in  question: 

i'  "  i  f  i<p  i ,  ©,) 
n  n  1’  1 

Let  us  assume  that  we  were  dealing  with  an  array  on  a  flat  surface,  so  that  the  broadside  angle 
relative  to  rach  array  element  is  the  broadside  angle  of  the  array  (as  contrasted  to,  for  example, 
a  cylindrical  array  for  which  thu  clement  broadsides  differ,  as  indicated  in  Fig.  49),  Then  ref¬ 
erence  to  Fig.  48  indicates  that  for  an  equally  spaced  array,  if  the  were  adjusted  so  that  all 
were  unity  at  broadside  (zero  degrees),  over  a  region  of  perhaps  ±45"  scan  angle  the  apparent 
drives  would  differ  by  a  more-or-less  random  variation  of  only  about  half  a  decibel  with  the  outer 
elements  ±  1  db  from  the  average  (recalling  that  the  remaining  8-element  patterns  are  nearly 
mirror  images).  Consequently,  it  is  seen  that  for  large  arrays  of  identical,  equally  spaced  ra¬ 
diators,  all  the  element  patterns  arc  nearly  identical;  therefore,  for  a  flat  array,  we  can  ap¬ 
proximately  factor  the  element  pattern  and  define  a  typical  element  factor  as 

f((/:),0)  -  3  for  nearly  all  m,  n,  ip.  6 


and  write  the  array  pattern  as 

F(,^,0)  «fb,0)  Y,  Z  ‘mn  exp[jk(mU^  sinO  cos<^  ^  ^  sin(/>)]  ,  (64) 

m  n 

where  the  summation  is  recognized  as  the  array  factor  of  the  previous  sections.  This  approxi¬ 
mation  is  called  "pattern  multiplication,"  inasmuch  as  the  array  pattern  is  approximately  the  prod¬ 
uct  of  the  clement  factor  and  array  factor.  For  this  case,  we  see  that  the  effect  of  f(</?,0)  is 
just  to  scale  the  entire  ari*uy  factor  with  angle.  The  array  factor  governs  the  ]>attcrn  "fine  struc¬ 
ture"  with  the  element  factor  playing  the  role  of  an  "envelope,"  if  the  element  factor  is  reasonably 
smooth. 

For  arrays  on  curved  surfaces,  we  cannot  factor  Eq.(62).  However,  if  the  elements  arc 
regularly  spaced,  the  O)  will  be  nominally  identical  relative  to  their  own  element  broadside; 
and  the  will  produce  a  smooth  taper  on  array  which  varies  witn  angle,  a.s  indicated 

by  Fig.  49,  and  can  usually  be  satisfactorily  accounted  for  in  pattern  computation. 

In  some  cases,  we  should  expect  trouble  if  Eq.  (64)  is  used  without  care  even  for  flat  arrays. 
Therefore,  let  us  delineate  some  of  the  troubles  that  might  be  expected,  since  we  shall  use  this 
equation  extensively. 

First,  we  have  seen  by  an  example  (Fig.  47)  that  the  outer  elements  represent  the  worst 
deviation  from  the  typical  element  factor.  The  squint  of  the  outer  elements  can  cause  pattern 
deterioration,  raising  sidelobe  levels  and  causing  pointing  error.  The  extent  of  these  errors 
depends  upon  the  relative  contribution  of  the  outer  elements;  hence,  upon  the  size  of  the  array 
and  the  used.  For  both  planar  and  linear  arrays,  the  two  outer  elements  (rows  and  col¬ 

umns  for  planar  arrays)  differ  notably  from  the  remainder.  Thus,  for  arrays  small  enough  that 
the  "outer"  elements  are  a  substantial  fraction  of  the  total,  it  may  be  desirable  to  add  "dummy" 
elements  at  the  array  edges  to  regularize  the  outer  element  patterns.  Second,  for  similar  rea¬ 
sons,  and  in  a  similar  manner,  ending  the  ground  plane  close  to  the  outer  elements  can  contribute 
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Fig.  50.  Superimposed  element  pattern  of  even-numbered  elements 
of  log-periodic  orray,  looking  into  reflector. 

to  irregularities  in  the  edge  element  patterns,  as  can  edge  effects  of  reflectors  when  arrays  aru 
used  as  reflector  feeds.  I'hird,  if  some  care  is  not  exercised  in  the  design  and  construction  of 
“identical"  elements,  they  may  not  have  repeatable  patterns  even  near  the  center  of  the  array, 
as  illustrated  by  the  superimposed  patterns  of  cven-numherod  elements  of  a  Ib-eloment  linear 
array  shown  in  I'ig.  50.  Even  in  this  ca.se,  however,  Eq.  (6*1)  can  be  useful  if  an  average  element 
pattern  is  used  and  the  deviations  of  the  clement  patterns  are  treated  as  random  errors  {Suv.  II-U). 
Kinally,  elciuont  factors  must  be  reasonably  smootli,  with  any  ripple  slowly  varying  compared 
with  the  array  btMiiuvulth.  If  this  criterion  is  not  met,  the  weighting  of  tho  element  factor  of 
Eq,  (64)  can  inoducc  objectionable  |X\Ucrn  distortion  with  scan  angle  (Ref.  14,  pp.  24-38). 

It  is  apparent  that  ideal  element  patterns  are  identical  and  smooth.  As  usual,  tho  ideal  is 
not  quite  achieved  in  practice,  but  is  well  approximated  with  careful  engineering. 


2.  Gain  nf  Arrays  as  a  function  <;f  Scan  Angle 

Wc  are  now  in  a  position  to  investigate  the  gain  of  the  array  as  a  function  of  the  beam  pointing 
(scan)  angle,  since  gain  Is  related  to  the  properties  of  real  radiators  through  both  the  element 
factor  of  the  radiators  and  their  impedance  properties. 

A  definition  of  gain,  consi.stenl  with  the  common  usage  of  the  term  in  the  radar  equation,  is 
obtained  by  defining  the  gain  as  the  ratio  of  the  power  density  per  unit  solid  angle  at  the  beam 
pointing  angle  to  tlie  total  power  callable  to  the  antenna  per  unit  solid  angle  (the  total  power  di¬ 
vided  by  the  factor  4ir).  By  this  definition,  the  degradation  in  sy.stem  performance  due  to  any 
impedance  mismatch  in  the  antenna  structure  is  assigned  as  a  decrease  in  array  gain,  including 
rnioniatches  due  to  mutual  coupling  effects.  It  will  be  recalled  that  directivity  is  defined  with 
respect  to  the  total  power  radiated;  hence,  only  for  arrays  which  are  lossless  and  exactly  im¬ 
pedance  matched  will  gain  and  directivity  be  equal. 
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Proceteding  with  the  above  gain  definition,  if  it  is  assumed  that  the  antenna  of  a  linear  or 
planar  array  is  connected  {as  shown  in  Fig.  44)  to  a  voltage  generator  having  an  open-circuit 
voltage  and  an  impedance  whose  real  part  is  for  all  n,  we  can  then  proceed  to  sliow  that 
(Ref.  10,  Part  3,  Ch,  I)  if  edge  effects  are  neglected  (the  array  is  asstimed  to  be  very  large),  the 
gain  of  the  array  at  scan  angle  is  given  by^ 


:2 


GtiO  ,  O  )  -  g{v>  ,  O  ) 

•  '  O  o'  o»  rv' 


“  S  |v  1^ 
n  " 


(65) 


where  represents  the  gain  of  an  individual,  typical  element  measured  in  its  array  en¬ 

vironment  at  the  angle  of  scan  <p^,  and  is  termed  the  element  "gain  function."  It  is,  except 
for  a  scale  factor,  the  square  (power  pattern)  of  the  magnitude  of  the  clement  factor 
Eq.(64).  q'ho  ratio  of  the  summations  is  of  the  same  form  as  the  analogous  quantity  in  the  direc¬ 
tivity  expression;  therefore,  wo  (^an  write  the  gain  of  an  array  by  using  either  a  density  or  am¬ 
plitude  tapoi”  as 

1*^;,  • 


whore  ij  and  are  as  defined  for  the  directivity  equations  (27)  and  (51).  Thus  the  gain  of  an 
array  is  specified  by  the  number  of  active  elements,  the  amplitude  ta:pcr  efficiency,  and  the  gain 
function  of  a  typical  element.  The  effects  of  scan  on  the  gain  of  an  array  are  completely  described 
by  tlie  gain  lunction  of  a  typical  clement  in  tl»e  array  environment. 

element  gain  function  is  an  important  tool  for  array  design,  since  it  can  be  accurately 
dotorininod  from  an  array  of  elements  only  largo  enough  .so  that  the  pattern  behavior  of  the  cen¬ 
ter  oLomont  is  unaffotriod  to  whaluvor  degree  desired  by  the  addition  or  deletion  of  outer  elements. 
For  experimental  work,  wo  can  inexpensively  construct  such  an  assembly  and  study  the  effoets 
of  antenna  clement  lype.s,  spacing,  terminations,  and  so  forth,  by  noting  these  efferds  on  an  an¬ 
tenna  pattern  laa-ordor.  In  fact,  for  types  of  antenna  elements  for  wiucli  no  satisfactory  analytic 
d(?scription  of  mutual  coupling  oxisl.s,  this  is  the  most  convenient  approach  to  a  doseri)>tion  of 
the  (’ffects  of  mutual  ^•{Jupling  on  array  gain.  It  will  also  be  shown  that  mutual  coupling  effects 
on  element  inipedaiieo  can  often  bo  inferred  lo  some  extenJ  by  use  of  the  gain  function. 

A  (pKilLLalive  indication  of  the  shape  of  gain  function  can  be  inferred  from  the  array  factor 
clireclivitv  discai.ssion  of  Sec.  11-11-2.  For  a  large  planar  array,  whicli  is  tapered  so  that  almost 
fill  the  radiated  power  is  in  the  region  close  lo  the  main  beam,  if  the  element  pattern  is  smuoUi 
over  such  a  region  (un  assumption  which  can  always  be  improved  by  making  the  ai  ray  la»*gci’)> 
the  element  pattern  should  have  little  effect  on  the  array  directivity.  Therefore,  Kq.(51)  ex¬ 
presses  the  directivity  of  arrays  of  real,  as  well  as  isotropic,  radiators  when  no  grating  lobes 


tTlie  I'CMliiction  to  a  fliU  army  is  requirrd  "m  order  to  factor  out  the  goin  function.  A  corresponding  rclolionship  for  arrays  oti 
curved  aurfuccH  is 


0) 


'nl" 


(66a) 


where  the  element  gain  function  now  depends  on  the  difference  between  the  beam  pointing  angle  0^  and  the 
pointing  nnglc*' 


nth  « 


element 
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are  visible.  Furthermoi'e,  since  the  directivity  bounds  the  gain,  comparison  of  lOqs.  ('»!)  and  (66) 
indicates  that 

D,D 

g(</) ,  G)  ^  cos  O  ,  (67) 

where  equality  can  apply  only  for  a  lossless  structure  at  an  angle  for  which  the  array  is  mutclicd, 
including  mutual  impedance  effects.  Finally,  we  can  even  renuwc  the  restriction  that  Kq.  (67) 
applies  only  to  planar  arrays  if  any  curvature  is  negligible  over  the  region  of  appreciable  mutual 
coupling  (according  to  the  results  cited  in  the  previous  and  following  sections,  an  interval  of 
perhaps  three  elements  in  all  directions). 


3.  Mutual  Coupling  in  Arrays  of  Dipoles  Above  a  Ground  Plane 


In  order  to  give  the  reader  some  quantitative  appreciation  for  tlie  attrilniles  of  tlie  gain  func¬ 
tion  achievable  in  practice,  the  extent  to  which  the  shape  of  the  gain  function  can  he  "tailored," 
and  the  type  of  element  impedance  variations  whieli  may  be  encountered  in  a  scLinnod  array,  we 
shall  examine  an  array  of  one  type  of  radiator  in  some  detail.  The  only  types  of  radiators  for 
which  the  mutual  cou|>ling  has  been  analytically  described  are  resonant  tyi)(?s  of  simple  ginnnetry 
{idealized  dip(des  and  slots).  Therefore,  in  this  section,  attention  will  be  focused  on  the  impor¬ 
tant  practical  case  of  eciually  spaced  arrays  of  thin,  half  “Wavelength  di[)olL‘s  above  a  large  ground 
plane.  Some  analysis  of  slot  arrays  and  arrays  of  dipoles  witliout  ground  planes  can  l)e  h>uncl 
olscwhcre.^^ 

The  primary  reasons  that  the  theoretical  analysis  of  mutual  co\jpling  lias  been  lU’stricted  to 
such  a  limited  sample  of  possible  radiators  arise  from  the  fact  tlial  quaj^l itativc?  analysis  of  the 
coupling  between  two  closely  spaced  antennas  ropre.sents  a  very  i-omple.x  prol)lem.  'The  com¬ 
plexity  i.s  due  to  several  factors.  First,  in  addition  to  ra<hation  field  co\ipling,  induction  and 

static  field  coupling  may  predominate  close  to  tlie  antenna.^  Soiond,  a  traveling  wave  on  one  of 

. . 

a  pair  of  conductors  lends  to  couple  energy  directionally  to  llie  othei‘  (in  effeil.  is  a  diianlional 
coupler);  honco,  it  appears  tliat  antenna  elements  of  the  li’avtding-wavc  variety  (lu?lici*K,  .spirai.s, 
log-pcriodics)  may  experience  clirct*tional  coupling  effects  bf*t\veen  close  neighbors 
Figs.  9  and  13;  Kef.  53;  Hcf.  14,  pp.  l83-fH6). 

All  those  factors  can  be  at'coiintcd  for  by  an  equivalent  circapl  of  the  form  shown  in  (•'ig.  51 
(for  independently  driven  elements),  but  the  effeu'ts  of  tJu?  resulting  coupling  have  not  bia.m  {‘x- 
tciisively  nnaly'/t:d  in  terms  of  such  a  circuit. 

However,  for  goomelrurolly  sim|>Le  standing-wave  antenna.s,  such  as  dipoles  ioid  slots,  a 
simplification  of  this  e<juivalenl  circuit  to  that  of  Fig.  52  can  be  made,  and  the  mutual  coii|»ling 


between  antennas  can  he  completely  described  in  lei  ms  of  mcasin’cmcnls  made  at  the  antenna 
terminals.  A  conventional  description  is  that  of  tltc  mutual  impedance  defined  as  the  ratio 

of  the  mutually  coupled  open-circuit  voltage  vj^,  existing  at  the  m^^^nlenna  terminals  due  to 
a  currentt  I  flowing  in  the  antenna  terminals; 


t  An  example  of  the  latter  is  the  irnhc  of  two  collincar  dipolca  havinf^  ver>'  little  separation  between  the  ends  uf  the  dipoles.  The 
result  is  heavy  coupling  due  to  capneily  effects,  in  addition  to  rndialtonal  coupling, 

t  Note  that  this  Iff  is  the  totol  current  flowing  in  the  element  IcriiiinaU,  whereas  the  in*»  previously  used  arc  partial  currents 
(the  current  in  the  Ufilcnnn  due  only  to  the  element  generator). 
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Fig.  51.  General  equivalent  circuit 
for  independently  driven,  mutually 
coupled  antenna  elements. 


Fig.  52.  Simplified  equivalent  circuit 
for  standing** wave  elements. 


V' 

m 


and,  by  reciprocity.  negative  sign  accounts  for  a  positive  mutually  coupled 

voltage  existing  a  current  flow  in  a  direction  opposite  to  that  of  the  generator  driving  the  clement, 
as  can  be  seen  from  Fig.  52. 

This  concept  allows  the  analysis  of  the  effects  of  mutual  coupling  in  standing-wave  elements 
to  be  pursued  on  u  circuit -analysis  basis,  and  the  effects  of  mutual  coupling  on  dipole  arrays 
can  be  completely  described  by  a  sol  of  simultaneous  equations.  For  t!ic  circuit  configuration 
of  Fig.  52  (assuming  tltat  the  coupling  between  feed  structures,  which  curry  traveling  waves,  is 
negligible),  the  currents  actually  flowing  on  tlic  elements  of  the  array  arc  related  to  the  drive 
voltages  by  the  matrix  equation 

v|  [X|l)  .  (68) 


wlicre  v)  and  I)  are  column  matrUres  of  the  drive  voltages  and  total  element  currents  and  the  Z- 


1  Z.. 


svliere  Z  is  tlic  n 


lli 


generator  im- 


inatrix  is  composed  of  diagonal  elements  Z  " 
th 

pedanee  and  Z.^  is  the  n  antenna  setf-impndam:e,  and  off-diagonal  eh^ments  wliich  are  the  inu- 


n 

tual  impedances. 

'I’liH  validity  of  this  ufjproach  rests  upon  the  assumption  that  one  can  define  the  plane  of  the 
antenna  termination  such  that  open-circuiting  the  antenna  at  that  point  entirely  negates  that  ele¬ 
ment's  effect  on  the  array.  For  example,  for  thin  dipoles  and  thin  slots,  an  open  circuit  at  the 
junction  of  the  feed  line  and  tlie  radiator  proper  forces  the  current  to  be  zero  everywhere  on  the 
clement,  which  is  equivalent  to  it.s  physical  removal. 

Calculated  mutual  impedance  valuust  for  infinitely  thin,  half-wavelength  dipoles  mounted  a 
quarter -wavelength  above  an  infinite  ground  plane  are  plotted  in  Fig.  53,  in  terms  of  center-to- 
center  spacing.  For  comparison,  the  s  H-impedance  of  ti'®  dipole  a  quarter-wavelength 

above  ground  is  approximately  85.7  +  j72.5ohms.  It  is  seen  that  for  clo.se  spacings,  particularly 
in  the  collinear  case,  tlie  mutual  impedance  is  nearly  comparable  to  the  self-impedarute  but  de¬ 
cays  rapidly  for  greater  spacings. 


t  Data  from  Carter's  equations,  ns  given  by  Dcf.  7,  Ch.  10. 
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(69) 


The  set  of  equations  (68)  can  be  formally  solved  for  the  I^'s  by  matrix  inversion 
I]  =  [Y]  v]  . 

For  a  large  array,  this  is  a  gruesome  task,  even  for  one  specific  configuration.  Fortunately, 
a  useful  approximate  solution  can  be  obtained  by  physical  reasoning,  and  some  insight  gained  in 
the  process. 

If  the  array  is  very  large  so  that  edge  effects,  amplitude  taper,  and  any  curvature  of  the 
array  surface  are  negligible  over  an  interval  of  several  elements  in  each  direction,  the  currents 
in  the  elements  not  near  the  array  edges  will  bear  a  known  relation  to  each  other,  and  a  constant 
relation  to  their  drive  voltages  Independent  of  n  (they  will  all  have  the  same  apparent  impedance). 
In  a  linearly  phased  planar  array,  it  an  element  near  the  center  Is  chosen  as  tliu  origin  of  co¬ 
ordinates,  the  relationship  between  the  currents  for  a  pointing  angle  0^  must  be  of  the  form 

I _ (0  ,<0  )  I  exp(-ik(mD  slnO  cos  ai  +  nD  sin0  sino?  )1 

mn'  0^0  oo'^'-'  x  o  o  y  o 

In  this  case,  a  typical  equation  of  (68)  can  be  manipulated  to  give  the  apparent  driving  point  imped¬ 
ance  of  a  typical  antenna  when  it  is  phased  to  "look"  in  the  direction  0^,  denoted  Zjj(0^, 
as  (Ref.  54;  also  Ref.  10,  Part  3,  Ch.I) 

Z,.,(o)  ,0  )  =  Z  +  y,Y  Z  „  exp(~ik(mD  sinG  cosw  +  nD  sinO  sin  ig  )]  ,  (70) 

D”o  o  a  U  U  oo,mn  '  x  o  y  o  ^  o' ' 

ni  n 

m,nT^0 

where  the  notation  m,n  0  implies  tltat  the  term  m  -  0,  n  =  0  is  omitted,  and  the  unsubscriptod 
terms  are  understood  to  apply  to  the  element  under  consideration,  which  is  taken  for  reference 
as  tlie  clement  centered  on  tlie  coordinate  system  (m  =  0,  n  -  0). 

This  driving  impedance  is  the  sum  of  the  scU-impedanco  of  the  antenna  and  the  "phased" 
mutual  impedances,  represented  by  the  summation.  Studies  of  Zp(v)|^,0^)  show  that  for  given 
element  spneings  and  maximum  scan  angles,  there  is  a  height  tor  the  dipoles  above  the  ground 
which  minimiaes  the  maximum  VSWH  wlien  Ihe  array  is  scanned;  tor  example.  Fig.  54  shows  the 
maximum  VSWR  encountered  in  a  planar  array  witli  a  square  element  grid  (D^^  -  D^)  in  scanning 
to  the  grating  lobe  angle  0  ,  .  in  both  principal  planes  or,  for  D/ \  =  0.5,  to  an  arl^itrary  value 
of  60’.  Figures  55  lluough  57  .sliow  Smith  chart  plots  of  the  impedance  vs  scan  for  tlirce  dif¬ 
ferent  spacings  fur  nearly  optimum  heights  s.  The  impedances  are  normalised  to  the  indicated 
value  of  Zj^(0,0).  Also  shown,  as  an  indication  of  the  change  in  element  impedance  duo  to  mutual 
coupling,  is  the  normal  imijed.ance  of  an  isolated  dipole  mounted  the  same  distance  s  above 
ground,  normalized  to  Zp(0,0).  It  is  apparent  that  attempts  to  achieve  scan  angles  with  dipole 
planar  arrays  greater  than  90’  to  100"  central  angle  will  meet  with  severe  VSV/R  problems,  and 
that  even  modest  scan  angles  produce  VSWR's  that  may  be  of  concern  to  transmitter  and  receiver 
designers  concerned  with  maintaining  the  high  gain  and  phase  stability  required  for  good  antenna 
patterns  (see  Sec.If-D). 

The  maximum  scan  angles  indicated  in  Figs.  55  through  57  for  each  spacing  represent  the 
scan  angles  at  which  the  main  lobe  and  a  grating  lobe  are  symmetrically  disposed  about  broad¬ 
side,  indicating  that  one  has  scanned  through  a  complete  period  of  the  array  factor.  Beyond  this 
angle,  the  impedance  variation  retraces  backward  along  the  Indicated  path. 
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Fig.  55.  Variation  in  normalized  driving  impedance 
with  scan  angle  for  element  spacing  D==0.5/\and 
element  height  above  ground  plane  s  =  0. 25 X« 


Fig.  56.  Variation  In  normalized  driving  impedonce 
with  scan  angle  for  element  spacing  D  » 
element  height  above  ground  plane  s  -  0. 187X. 


Zp(0.0)*»  37.9+199-2 
»  30  3  +  170.9 


Fig.  57.  Variation  in  normalized  driving  impedance 
with  scan  ongle  for  element  spocing  D  =  0i7X  and 
element  height  above  ground  plane  s  ~  0. 125  X. 
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The  element  gain  function  G^)  can  be  formulated  in  mutual  impedance  terms  for  dipoles 

in  terms  of  the  gain  function  of  a  single,  isolated,  matched  element^  g„  (»>  ,  9  )  as 

niQX  o  o 


u(<p  .6  ) 

°  o' 

B  ((P  ,  B  \ 
®max  o*  o 


■  ■  g.a 


(7i) 


To  maximize  the  gain  function  at  an  angle  0^,  the  generator  impedance  should  be  chosen  so 
that 

Zg=Z*(^,.G,)  . 


where  the  asterisk  denotes  the  complex  conjugate.  For  such  an  impedance,  the  element  gain 
function  and  the  reflection  coefficients  seen  by  the  generator  [for  zero  line  length  be¬ 

tween  the  antenna  and  the  generator)  are  easily  shown  to  be  related  to  the  scan  angle  by 


S('P  .  0  )  H 

o'  a  (.  ^  .ig 


(72) 


It  is  apparent  from  this  relationship  that  ’'tailoring*'  the  element  parameters  so  that  the  gain 
function  of  an  isolated  element  and  that  of  the  element  in  the  array  are  as  similar  as  possible 
will  lead  to  minimum  impedance  variaLion.  This  is  one  method  of  explaining  the  variation  of  the 

maximum  VSWR  with  dipole  height  above  ground  and  the  success  of  some  workers  in  using  "fences" 
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or  "baffles"  as  part  of  an  element. 

By  the  use  of  well-known  formulas  for  O)  [see  Ref.  7,  Kq.  11-87,  p.  305],  and  a  re - 
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lationship  for  one  can  show  that  if  the  elements  are  matched  for  maximum  gain  with 

the  array  phased  for  broadside  radiation,  the  broadside  gain  of  the  array  will  be  the  well-known 
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result  predicted  by  Wheeler  and  implied  by  directivity  considerations  [as  outlined  in  Sec.  II-C-2) 
G(0,0)=^^^^  .  (73) 

Uquationa  (67)  and  (72)  represent  a  useful  practical  connection  between  element  impedance 

properties  and  array  geometry  for  elements  which  do  not  exactly  fit  the  theoretical  model,  b’or 

example,  one  can  measure  the  value  of  It  and  («  ,0  )  a.ssociated  with  an  element.  Con- 

a  *’max  '^o  o' 

sequently,  one  can  determine  the  optimum  generator  resistance  ftjj(0,0)  for  a  given  spacing  for 
minimizing  the  gain  of  the  array  at  broadside  by  noting  that,  from  the  cited  equations. 


Hd(0,0) 


,(0,0) 
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Actual  calculations  of  the  element  gain  functions^  indicate  that  the  gain  function  shape 
depends  primarily  upon  the  element  spacing  (the  area  allotted  each  element),  as  Eq.  (67)  indi¬ 
cates.  It  is  little  affected  by  dipole-to-ground  plane  spacings,  if  the  optimum  driving  impedance 
is  used  for  each  spacing. 

Figures  58  through  60  show  computed  gain  functions  of  dipoles  on  square  grids,  approxi¬ 
mately^  optimally  matched  at  broadside.  It  is  seen  that  the  effect  of  the  mutual  impedance  is  to 


tif  the  elements  of  the  arra)'  are  mounted  on  a  ground  plane,  the  term  "isolated  element"  implies  a  single  element  similarly  mounted. 
tThe  computational  program  used  in  the  gain  function  calculations  (Hefa.  12  ond  54)  was  slightly  inaccurate  in  determining  thb  im¬ 
pedance  for  best  broadside  match,  resulting  in  a  slightly  less  than  optimum  choice.  This  factor  also  accounts  for  the  "ripples**  in 
the  gain  functions,  as  especially  noticeable  in  Fig.  58. 
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Fig.  58.  Normalized  gain  function  for  element 
spacing  D~0. 5Xand  element  height  above 
ground  plane  s  =  0. 25  X. 


Fig,  59.  Normalized  gain  function  for  element 
spacing  D  =  0. 6X  and  element  height  above 
ground  oleine  s  =  0. 187X. 


•'impart  the  knowledge"  of  the  antenna  spacing  to  the  gain  variation  of  the  element,  and  hcncc  to 
the  gain  of  the  array.  The  element  gain  increases  with  increasing  spacing  around  broadside  but 
drops  for  angles  that  correspond  to  grating  lobe  formation  for  flat  arrays. 

4.  Some  Comments  on  the  Dependence  of  Coupling  Effects 
on  the  Type  of  Radiators  Used 

Perhaps  the  most  likely  objectionto  dipoles  as  radiators,  as  indicated  in  the  previous  section, 
is  the  substantial  variation  in  impedance  that  must  be  coped  with  when  scanning  in  two  dimensions.^ 
Thus  the  logical  question  arises  as  to  what  type  of  radiators,  if  any,  can  be  used  to  achieve  more 
constant  element  impedance. 

Unfortunately,  the  present  stale  of  knowledge  is  lacking  for  confirmed  answers.  Mathemat¬ 
ical  analysis  of  the  coupling  between  more  complex  elements  than  dipoles  and  slots  does  not  exist. 
Furthermore,  the  experimental  data  that  exist  for  more  complex  radiating  elements  are  generally 
contradictory  or  inconclusive.  However,  wo  are  not  at  a  total  loss  for  further  theoretical  indi¬ 
cations  concerning  the  impedance  variation  of  arbitrary  elements  in  large  arrays.  Although  we 
cannot  describe  the  configuration  of  the  "best"  element  from  an  impedance  variation  standpoint, 
we  may  be  able  to  bound  il.s  behavior. 

A  recent  theoretical  analysis  (Hof.  12,  Part  3,  Ch.  1,  Sec.  B.  5)  predicts  that  the  niiiiiuiuiii 
VSWR  obtainable  as  a  function  of  scan  angle  from  any  linearly  polari'/ed,  lossless^  element  in 
a  regularly  spaced  planar  array  is  only  slightly  (less  than  10  percent)  superior  to  that  attainable 
using  thin  dipoles  on  half-wavelength  centers  at  their  optimum  lieight  above  ground  (Fig.  55).  The 
study  predicts  that  no  olemont  cun  incur  a  V.SWR  in  scanning  to  an  angle  0  in  both  principal  planes 

that  is  less  in  both  planes  than  that  given  by  the  curve  of  Fig.  61.  Based  upon  a  similar  analysis, 
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however,  Hannan  has  concluded  that  it  may  be  theoreUcally  i)QSsible  to  introduce  additional 
coupling  between  element  feed  linos  and  arrive  at  an  essentially  cojislant  ijni>odanco  over  wide 
ranges  of  scan  angles. 

Since  both  those  conclusions  presently  luck  experimental  confirmation,  the  subject  of  mutual 
coupling  remains  in  need  of  bettor  understanding. 

5.  Some  Considerations  About  (.’urved  Arrays  of  Real  Radiatory 

Tl»c  elemefil  gain  functions  are  also  u  factor  in  choo.sing  element  .spacings  for  large  arrays 
on  curved  surfaces  since,  if  the  radius  of  curvature  of  tlie  sui  face  is  lai  gc,  tlie  element  gain 
functions  will  be  litllc  affected  by  the  curvature  and  will  have  Uie  same  general  properties  pre¬ 
viously  determined  for  elements  in  flat  arrays. 

if  the  dipole  data  are  considered  as  typical  of  most  elements,  reference  to  Fig,  49  and  the 
dipole  gain  functions  of  Figs.  38  through  6o  indicates  tliat  as  the  element  spacing  gets  appreciably 
greater  than  X/2,  the  effects  of  the  element  factor  "sharpening"  that  accompanies  increased 
spacing  are  to:  (a)  reduce  the  contribution  of  elements  off  the  pointing  axis  to  the  pattern  main 


fTht*  dipole  gflin  functions  arc  quite  smooth  over  (he  region  for  which  the  grid  spneing  permits  scanning  without  grating  lobe  per¬ 
formance,  which  seems  to  be  all  one  can  ash  in  this  respect  (some  element  types  have  been  observed  to  rnise  difficulties  on  (his 
count  as  well;  recall  P'lg.  50). 

}  For  ellipticully  polarized  elements,  the  po.Hsibiil(y  of  polorizntlon  variation  with  scan  may  render  the  analysis  upon  which  the 
above  conclusion  is  based  iiivolid.  Furthermore,  even  o  small  amount  of  loss  in  the  element  feed  will  reduce  the  VSWR  nt  n  small 
cost  in  gain;  for  example,  a  2.5:1  VSWR  is  reduced  by  the  insertion  of  a  1-db  loss  in  a  feed  line  to  a  VSWR  of  about  1.7:1  at  a  cost 
of  1  db  in  array  gain. 
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Fig.  60.  Normalized  gain  function  for  element 
spacing  D  =  0.7Xand  element  height  above 
ground  plane  5  =  0. 1 25  X. 


Fig.  61 .  Minimum  VSWR  obtainable  with  linearly 
polarized,  lossless  radiators  when  scanning  to  an 

angle  6  in  both  principal  planes  of  an  array. 

^  max 
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lobe,  and  (b)  increase  the  radiation  into  the  sidolobe  region,  unless  one  illuminates  a  smaller 
number  of  elements  when  wider  spacings  are  used.  Thus,  whereas  tor  planar  arrays  spacing 
limits  the  usable  scan  angle,  for  curved  arrays  it  limits  the  subtended  angle  of  tlie  array  wliich 
can  contribute  significantly  to  a  beam  in  a  particular  direction.  Consequently,  spacings  not  much 
greater  than  \/Z  should  be  used  for  arrays  on  curved  surfaces,  with  the  exact  spacing  determined 
by  calculation  of  array  far  fields  in  which  element  factors  appropriate  tor  the  spacings  are  used. 

Thus  the  restriction  on  element  spacing  is  approximately  the  same  for  all  geometries.  Based 
upon  this  tact,  wo  can  also  draw  some  conclusion  about  the  dependence  of  the  number  of  elements 
required  tor  the  frequently  encountered  task  of  hemispherical  surveillance,  as  a  function  of  the 
array  surface  chosen. 

The  element  gain  function  of  Fig.  58,  Eq.  (67),  and  the  geometry  of  Fig.  49  indicate  that  for 
half -wavelength  spacings,  we  could  approximate  the  gain  function  of  Eq.  (66a)  by 

g(iB  .0  ,0,0)  -  cosG 

*■  ^11  n'  ’  '  ^2  n 

tor  a  poinUng  angle  of  O  =  0,  wliere  a  represents  the  area  allotted  to  a  typical  element.  For  a 
large  spherical  array,  application  of  an  integral  approximation  to  Eq.  (66a)  for  uniform  illumina¬ 
tion  (v  ~  1)  indicates  that  G(0,0)  «  Tims,  foi*  hemispherical  sui  veillance  with  a  sped- 

7 

fied  minimum  gain,  a  comparison  of  this  gain  result  with  the  surface  area  of  a  sphere  47rR  in¬ 
dicates  that  very  nearly  the  same  number  of  elements  are  required  for  a  spliericul  array  as  for 
four  planar  arrays. 

D.  Effects  of  Errors  on  the  Patterns  of  Arrays 

In  tlie  preceding  sections,  the  effects  of  the  inevitable  errors  in  the  mochanical  and  electrical 
alignment  of  arrays  have  been  largely  ignored.  In  this  suction,  the  erfucts  of  such  errors  will 
be  surveyed  and  the  modifications  tliat  must  be  made  to  some  conclusions  dx’uwn  earlier  will  be 
indicated. 

Roth  mochanicul  and  electrical  errors  arising  in  arrays  can  be  loosely  classified  into  one 
of  two  classos:  (1)  systematic  errors  (those  to  which  some  sort  of  a  cun  bo  ascribed), 

and  (2)  errors  oxlubiting  no  pattern,  or  patterns  so  complex  as  to  defy  reasonable  description 
(so-called  ’'random'*  or  "pseudo-random"  errors).  A  simple  example  of  the  first  category  is  the 
ease  of  u  transmilting  array  ulilixiug  separate  transmitters  behind  each  antenna.  If  blocks  of 
transmitters  are  connected  to  a  common  power  supply,  the  failure  of  one  power  supply  would 
disable  a  complete  block  of  transmitters,  affecting  the  array  performance  in  a  manner  susceptible 
to  .straightforward  analysis.  A  typical  example  of  a  random  error  is  represented  by  the  inevitable 
errors  of  the  placement  of  the  antennas  on  the  element  grid.  If  done  with  reasonable  care,  there 
should  be  little  systematic  error  in  such  placement,  but  there  will  inevitably  be  a  random  error 
in  the  mechanical  location  of  each  element  about  its  desired  location. 

The  analysis  of  systematic  eiTors  is  usually  straightforward,  once  the  nature  of  the  error 
is  understood.  Since  particular  types  of  array  feeds  are  prone  tn  certain  types  of  systematic 
errors,  a  discussion  of  representative  errors  of  this  type  will  be  included  in  Sec.  III-B. 

Random  error  effects,  on  the  other  hand,  are  amenable  to  a  fairly  general  analysis  by  sta¬ 
tistical  methods,  resulting  in  a  statistical  description  of  the  antenna  pattern.  This  description, 
while  leaving  something  to  be  desired,  is  sufficient  to  be  an  enlightening  and  useful  guide  in 
array  tolerance  specification. 
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1,  Effect  of  Random  Errors  on  Pattern  Sidelobe  Level 
If  the  far  field  of  an  array  is  written  in  the  general  form  [analogous  to  Eq.  (62)  with  = 

“n  exp[j!pjj] 


exp[ji;*j^]  exp[jknn  sinJl 

n 

(linear  array  notation  is  used  for  simplicity,  but  the  results  are  applicable  to  planar  configura¬ 
tions),  numerous  sources  of  error  are  seen  to  exist  which  can  affect  the  at'ray  far  field.  In  par¬ 
ticular,  the  11  eleiiieiit  can  contribute  such  errors  as: 

The  clement  pattern,  at  the  particular  angle  of  interest,  can  differ  in  amplitude 
and  phase  from  the  average  element  factor,  thus  weighting  the  element  differently 
in  phase  and  amplitude  from  the  others. 

The  amplitude  of  the  drive  to  the  element  can  be  in  error  from  its  design  value. 

The  phase  shift  applied  can  be  in  error  from  its  design  value. 

7’he  element  physical  placement  can  be  in  error,  thus  giving  rise  to  both  a  phase 
error  and  an  amplitude  error  due  to  displacement. 

25  59 

The  effect  of  such  errors  on  the  patterns  of  arrays  has  been  examined  by  many  authors.  ' 
The  usual  assumption,  made  as  often  for  mathematical  convenience  as  for  its  physical  reality, 
is  that  all  fiie  individual  sources  of  error  for  any  single  clement  are  independent  of  one  another, 
and  even  like  errors  (errors  in  element  phase)  are  independent  from  element  to  clement. 

For  example,  in  the  case  of  clement  amplitude,  it  is  usually  assumed  that  the  actual  amjdi- 
tude  of  the  element  a^  is  related  to  the  desired  amplitude  by 


(74) 


where  is  statistically  independent  of  n  and  capable  of  representation  by  a  single  probability 
don-sity  function  for  all  elements.  The  (.•Icment  phase  is  assvrmcd  to  b?  the  form 

-  -kill)  sin4^  f- ,  (75) 


whore  tlio  6^  are  assumed  inucpcndcnt  of  n  and  also  representable  by  a  single  probability  density 

function.  Possible  errors  in  element  placement  and  clement  j)attern  deviation  from  the  average 

10 

are  treated  in  a  similar  manner. 

It  is  usually  assumed  that  the  errors  in  all  quantities  are  randomly  distributed  with  mean 
zero  (a  nonzero  mean  is  considered  as  a  systematic  error)  and  variance  (inean^sqiiare  error) 
cr^.  Since  it  is  difficult  by  this  assumed  error  distribution  to  account  for  catastrophic  failures 
of  elements,  a  niiiltipUcaiive  factoi*  can  be  assigned  to  the  amplitude  of  each  element 


a '  =  y  a  { 1  f  A  ) 
n  n  n' 


(76) 


where  y^  is  assumed  to  be  unity  with  a  probability  P  and  zero  with  probability  1  -  P,  where 
I  -  P  has  the  physical  .signifirance  of  representing  the  fraction  of  the  number  of  elements  expected 
to  be  completely  inoperative  on  the  average. 

Under  the  above  assumptions,  it  can  be  shown  that  the  expected  power  density  in  the  far  field 
is  of  the  form 

p(</j,  e)  ^  9)  + 


f(^,e) 


2  2 
e 

UNP 


(77) 
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where  is  the  normalized  (peak  valiie  unity)  *'no~crror*‘  power  distribution  of  the  far  field,  and 
the  second  term  represents  an  error  term  which  is  independent  of  direction  except  for  the  weight¬ 
ing  by  the  element  factor.  The  facUir  is  given  by  (assuming  small  phase  error  variance  t 


2  ,4 

€  «  (1 


P)  +  <r^  +  P<T^ 
a  ^ 


(78) 


where  and  arc  the  total  variances  in  phase  and  amplitude  due  to  all  sources  except  cata¬ 
strophic  failure.  The  factors  involving  P  account  for  the  latter.  Thus  it  is  seen  that,  crudely, 
the  magnitude  of  the  error  pattern  is  proportional  to  the  total  mean-square  error  and  inversely 

proportional  to  the  number  of  operating  elements  in  the  array  NP  multiplied  by  the  taper  efficiency. 

*  2  5 

From  the  argument  of  Ruze,  it  can  be  shown  that  for  an  array  of  a  large  number  of  elements, 
Uie  far -field  amplitude  1f(</),0)|,  which  for  notational  simplicity  we  shall  denote  by  the  symbol 
p,  is  distributed  in  a  modified  Rayleigh  distribution 


p(p)  = 


2  o 

^  exp 

U>^  +  p^) 

L'^rJ 

i.  J 

(79) 


where  p  is  the  normalized  "no-error"  far-field  amplitude  in  the  direction  (p,  0  of  interest  and 
the  parameter  <t^  is  half  of  the  second  term  of  Eq.  (77) 


0) 


1  f(»>.o)  1^ 

2  f(Vo.O^)|  .JNP 


(80) 


where  I|^{x)  is  the  modified  Bessel  function. 

The  form  of  the  modified  Kaylelgh  distribution  tor  jj  =  0  (a  null  of  the  no-error  pattern)  is 
tile  familiar  Rayleigh  distribution,  whereas  for  p  »  Oj,.  the  distribution  tends  to  become  Gaussian 
with  the  variance  equal  to  cr^.  Thus,  in  areas  of  the  antenna  pattern  where  p  is  much  greater 
than  (Tjj,  the  percentage  error  in  the  pattern  is  very  likely  to  be  insignificant.  However,  tar  out 
in  the  sidelobes  of  an  ant'-,ii;a  pattern  with  decreasing  sidclobcs,  a  point  will  be  reached  where 
becomes  greater  than  p.  In  this  region,  error  effects  will  be  most  noticeable  and  will  dom¬ 
inate  the  pattern.  In  this  case,  we  can  draw  generally  applicable  curves  giving  the  probability 
of  holding  tiie  sidelobe  level  in  the  far-out  regions  of  the  pattern  below  the  desired  level  with  any 
assigned  probability.  Such  curves  are  shown  in  Kig.  62.  These  curves  give  the  probability  that 
the  pattern,  in  far-out  regions  where  the  designed  sidelobes  are  essentially  zero,  will  be  below 
a  specified  level  at  a  particular  point.  For  example,  if  it  is  desired  to  hold  a  sidelobe  level  be¬ 
low  40 db  at  a  desired  point  with  a  probability  of  0.99  and  the  element  factor  neglected,  c  must 
satisfy 


2t)NP 


<  10 


If  wc  assume  a  100 -element  array  with  uniform  illumination,  and  only  phase  error,  it  is  seen 
that  an  rms  phase  error  of  no  more  than  2.6'  is  permi.ssible.  The  difficulty  of  maintaining  a 
very  low  far-out  sidelobe  level  is  thus  made  apparent. 


tSce  ReI.  10.  'the  large  error  case  is  discussed  therein. 
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Fig,  62, 
sidelobe 
level « 


2 

Maximum  allowable  in  terfm  of  de&tred 
level  for  regions  where  the  design  sidelobe 
10  log  Op. 


If  it  is  desired  to  ascertain  the  probability  of  holding  the  pattern  below  a  desired  level  over 
a  range  of  angles,  a  modification  of  Fig.  62  is  necessary.  It  can  be  establishcd^^'^^  that  the 
error  in  an  array  pattern  is  nearly  uncorrclated  at  intervals  roughly  corresponding  to  the  dis¬ 
tance  between  sidelobe  peaks  of  a  pattern.  An  N-elemenl  array  tends  to  have  approximately  N 
sidelobes  in  visible  space;  hence,  in  order  to  insure  holding  all  sidelobes  below  u  desired  level 
with  a  given  probability,  it  is  necessary  to  increase  the  probability  of  holding  a  single  point  be¬ 
low  that  level  by  approximately  a  factor  of  N.  For  example,  if  it  is  desired  to  hold  all  far-out 
sidelobes  of  a  100-clcmcnt  array  below  a  given  level  with  a  probability  of  0.99,  the  curve  of 
Fig.  62  for  a  probability  of  0.9999  should  be  used  to  set  the  allowable  error.  In  this  case,  the 
previous  example  of  a  100-element  array  can  be  reworked  to  indicate  that  to  tnaintuin  a  40-clb 
far-out  sidelobe  level  with  a  0.99  probability  over  ^  space  (neglecting  the  area  where  the  design 
sidelobes  are  above  the  permissible  error  sidelobe  level),  the  pluisc  erroi  apeciuedtion  inuat 
be  tightened  to  a  maximum  allowable  rms  phase  error  of  1.8^ 

As  an  approximation,  Fig.  62  indicates  that  should  bo  hold  about  lUdb  below  the  dosirod 
far-out  sidelobe  level.  HecoUlng  that  for  an  element  spacing  of  \/2,  the  broadside  no-error  gain 
of  a  planar  ar»-^y  is  approximately  G  wtjN,  if  we  denote  the  far-out  sidelobe  level  by  the  symbol^ 
i/R,  we  can  state  that,  as  a  rule  of  Ihuiiib, 
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Thus  to  hold  a  sidelobe  ratio  numerically  equal  to  the  no-error  gain  with  high  probability  re¬ 
quires  €  <  1/5,5,  corresponding  to  a  maximum  phase  (only)  rms  error  of  about  10®, 

It  is  apparent  that  the  maintenance  of  low  sidelobe  levels  in  array  patterns  requires  tight 
control  of  phase  and  amplitude  of  the  elements  and  allows  a  little  margin  for  catastrophic  failure. 
It  should  be  emphasized  that  the  phase  and -amplitude  error  associated  with  the  element  factors 
and  the  antenna  placement  must  also  be  included  in  the  total  error  allowable.  However,  the 
specification  can  be  less  stringent  for  a  larger  array  than  for  small  arrays  for  a  given  permis¬ 
sible  error  sidelobe  level.  In  fact,  as  the  array  becomes  very  large,  the  degradation  in  direc¬ 
tivity  may  be  a  more  stringent  error  limitation. 


t  Such  that  R  is  the  ratio  of  main  beam  power  to  sidelobe  power  level. 
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2.  Effect  of  Random  Errors  on  Array  Directivity  and  Gain 

Based  upon  the  far-tield  power  density  expression  [Eq.  (77)],  it  can  be  shown^*^  that  the  direc¬ 
tivity  in  the  presence  of  errors  U'  is  related  to  the  "no-error"  directivity  U  by 


U  1  +  cVp 


(81) 


Tho  Ion  in  directivity  is  manifested  in  the  raised  sidelobe  level.  Since  the  directivity  represents 
an  upper  bound  on  array  gain,  a  similar  gain  degradation  will  occur. 


3.  Effect  of  Random  Errors  on  the  Beam  Pointing  Accuracy  of  Arx*ays 


The  effect  of  random  errors  on  the  beam  pointing  accuracy  of  arrays  differs  according  to 
the  manner  in  which  one  defines  ihe  pointing  angle  of  the  beam,  particularly  with  regard  to  mono¬ 
pulse  techniques.  Somewhat  different  results  are  obtained  for  the  effect  of  random  errors  on 
the  pointing  accuracy  of  a  “sum"  beam  (one  that  has  its  maximum  in  the  desired  pointing  direc- 
and  on  the  null  direction  of  the  “difference  pattern"  oi  a  monopulse  pair  (Ref.  10, 

Part  3,  Ch.  Ill,  Sec.  11).  The  results  for  the  latter  also  deps^ud  upon  the  technique  used  to  estimate 
the  null  dirertinn.  In  the  following  discussion,  a  monopulse  system  is  assumed  which  estimates 
the  angle  from  the  beam  null  by 
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where  Ej(9)  and  Eg(0)  are  the  complex  diCference  and  sum  patterns,  respectively, t  and  the  as¬ 
terisk  denotes  the  complex  conjugate. 

In  defining  the  pointing  error  associated  with  random  errors,  it  is  useful  to  speak  of  the 
fractional  pointing  error  in  terms  of  some  standard  beamwidth,  A  useful  standard  beamwidth  is 
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s  "  L/X 


radians 


L  =  ND 


An  analysis  then  indicates  that  the  pointing  error  of  the  sum  beam  of  a  linear  array,  for  small 
amplitude  and  phase  error,  will  be  normally  distributed  with  zero  mean  and  an  rms  error  in 
fractional  standard  beamwidths  given  by^ 
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where  is  the  no-error  sum  beam  amplitude  taper,  which  is  assumed  to  be  an  even  function  of 
n  for  an  array  centered  on  a  coordinate  system.  The  summations  may  be  replaced  by  integrals 
with  little  error  for  large  arrays,  in  which  case  the  appropriate  form  is 


tNole  that  in  the  alioen^e  of  errors,  FjCC)  i»  purely  imaginary  ond  purely  real  so  lhal  the  bracketed  term  is  real  in  the 

error-free  case. 

t  Leichler's  result  differs  from  that  of  Eq,  (82)  in  notation  and  by  a  factor  of  y/2.  The  latter  difference  arises  from  Leichter's 
continuous  model,  as  more  fully  explained  in  Ref.  10. 
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where  s{z)  is  related  to  by  -  s{nD). 

For  the  difference  beam  null  error,  the  Gaussian  distribution  holds,  with  the  rms  error  in 
null  pointing  for  the  estimation  technique  described  above  given  by 
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where  and  d(z)  represent  the  no-error  amplitude  taper  associated  with  the  difference  pattern 
of  the  antenna,  an  odd  function  relative  to  the  array  center. 

The  form  of  the  above  results  appears  to  indicate  that  the  pointing  error  increases  with  N 
for  a  fixed  <j^.  However,  closer  inspection  of  the  summations  (or  integrals)  will  indicate  that 
the  dependence  is  actually 

A®  ^  1 

'®  “  -VNP 

By  way  of  a  specific  example,  evaluation  of  the  appropriate  integi-als  for  the  case  of  a  large  ar¬ 
ray,  with  a  basic  uniform  taper,  yields  the  following  rms  pointing  errors  for  the  two  types  of 
monopulse  discussed  in  Sec.H-A-2  and  the  ’’optimum”  difference  taper  of  Eq.  (31). 


Monopul  so  Type 

Rms  Sum 
Beam  Error 

Rms  Dirterence 
Ucnm  Rrror 

Sum  and  difference  of  two 
halves  of  array  (uniform 
sum  taper,  step  difference 
taper) 

(7  ^ 

0.55 

■mp 

a 

0,64 - 5!1- 

^/NP 

Sum  and  difference  of  two 
adjacent  beams  (cosine  sum 
taper,  sine  difference  taper) 

0.67 

s/NP 

a 

0.56  —SL 
-Jkp 

‘'Optimum”  difference  d^^  =  n 

u 

0.55  _ t- 

N^NP 

As  with  the  case  for  array  directivity,  the  insertion  of  the  values  of  c  required  for  good  side- 
lobe  pattern  considerations  indicates  that  if  the  requirements  on  error  for  the  latter  case  are  met, 
the  expected  pointing  error  due  to  random  errors  will  usually  be  small. 


4,  Some  Conclusions  on  the  Effects  of  Random  Errors  on  Array  Patterns 

It  has  been  shown  that,  in  most  cases,  the  most  severe  constraint  on  allowable  small  random 
errors  is  that  of  achieving  low  sidclobes  in  the  far-out  regions  of  antenna  patterns.  However,  it 
should  be  emphasized  that  only  random  errors  have  been  treated  here.  An  examination  of  some 
typical  cases  of  systematic  error  (Sec.III-B-l)  shows  that  the  effects  of  systematic  errors  are 
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often  more  pronouneed  than  those  of  random  errors  [e.g.,  a  "rough"  element  pattern  may  cause 
considerably  greater  pointing  error  than  random  phase  errors  (Ref.  14,  pp.  24-38)].  Thus  one 
ahtnild  avoid  the  temptation  to  become  overwhelmingly  preoccupied  with  good  control  of  random 
errors  to  the  exclusion  of  potentially  harmful  effects  of  systematic  errors. 

ni.  ARRAY  SYSTEM  CONSIDERATIONS  AND  TECHNIQUES 

In  the  following  sections,  Iho  physical  realization  of  array  radar  systems  will  he  ex.amined 
and  system  considerations  peculiar  to  array-type  radars  will  be  pointed  out  by  use  of  the  radar 
equation.  The  tecliniques  for  feeding  the  array  antennas  to  realize  the  array  tapers  and  phasing 
previously  di.scussed  will  be  examined  and  qualitative  comparisons  drawn  between  various  tech¬ 
niques  with  regard  to  performance  and  complexity.  Emphasis  will  be  on  electronic  scanning 
techniques,  but  methods  of  achieving  single,  stationary  beams  will  be  evident.  Some  unusual 
requirements  that  array  configurations  place  on  components  will  be  examined. 

A.  Array  Radar  System  Considerations 

In  this  section,  the  radar  equation  will  be  re-examinod  in  a  notation  which  emphasizes  the 
economic  factors  peculiar  to  arrays.  In  particular,  the  dependence  of  the  number  of  elements 
required  will  be  emphasized  as  a  yardstick  of  array  economics.  Attention  will  then  be  focused 
upon  the  effect  of  different  array  configurations  on  the  ability  to  achieve  high  powers  and/or  low 
losses. 


1.  Radar  Equation  Formulation  for  Arrays 
The  radar  equation  appropriate  for  a  surveillance  radar  is  expressible  in  the  form 


where 
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AV 
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PavA 


average  power, 

effective  receiving  antenna  area, 
effective  system  noise  temperature, 
solid  angle  to  be  surveyed, 
time  allowable  to  survey 
signal-to-noise  (power)  ratio, 
target  backscatter  cross  section, 
system  losses, 
range, 

Boltzmann's  constant, 

ratio  of  transmitting  antenna  gain  to  beam  solid  angle  (see  below). 


{B4) 


Useful  measuies  of  array  economics  are:  (a)  the  performance  parameters  of  the  array  on  a 
"per-element"  basis,  and  (b)  the  number  of  elements  used.  By  straightforward  manipulation, 
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Eq.  (84)  can  be  expressed  in  terms  of  these  measures.  In  the  following  analysis,  the  subscript  t 
will  refer  to  the  transmitting  case  and  r  to  the  receiving  case,  allowing  the  possibility  of  sepa¬ 
rate  transmitting  and  receiving  arrays. 

The  total  average  power  of  the  array  is  given  by 

^AV  =  P^at’lt  ' 

where  p  is  the  average  transmitted  power  of  the  most  powerful  element,  and  is  the  efficiency 
of  any  amplitude  taper  used  on  transmission.  The  effective  receiving  array  energy  collecting  as 
a  function  of  "pointing"  angle  is 


where  is  the  ratio  of  the  element  apexHure  in  the  array  at  ihe  angles  to  the  area 

allotted  D  U  ,  which  must  be  determined  by  the  methods  of  Sec.II-C,  taking  mutual  coupling  ef- 

^  y 

fects  into  account.  As  a  useful  bound,  Eq.  (67)  indicates  that 

6  ( ,  O  )  cos  O 
o  o'  ^  o 

Since  the  element  spacing  is  determined  in  wavelengths,  it  is  more  useful  to  write 

:,,D  D  . 

A((^  ,0  )  ^  T1  N  \  {—^]  $  {(p  ,0  ) 
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Finally,  the  factor 

G  =  K 


relates  the  gain  to  the  principal  cone  beumwidths,  ® 
47t 

1  • 


and  4*  by 


If  we  define  a  constant  KJ  as  the  value  of  appropriate  for  an  amplitude-tapered  broadside 
array,  tlion  for  an  array  which  may  be  density  tapeiod,  i)oinling  at  an  angle  (p^^,  O.^  from  broad¬ 
side, 
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where  N,j,^  is  the  total  number  of  transmitting  array  antennas.  The  resulting  radar  equation  can 
then  be  written 
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(85) 


Krom  the  above  equations,  it  is  seen  that: 

Tapering  is  more  costly  on  transmission  than  on  reception  (since  both  the  gain 
and  total  power  arc  affected). 

For  equal  N^,  and  N^,  the  range  varies  as  if  N^/N,p  is  fixed,  but  as 

if  N,j,  Is  fixed. 

If  the  maximum  per-eleme.nt  average  power  varies  as  \”(n  >  0)  and  the  target 
cross  section  varies  as  x"*(m  Ss  0).  then  to  maintain  range  performance  for 
N^/Nt  fixed,  must  vary  with  frequency  f  as 
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t^,q  -  1  + 


indicating  that  the  variation  of  number  of  elements  required  varies  at  least 
as  the  first  power  of  frequency.  At  VHF  and  below,  the  variation  of  sky 
temperature  with  frequency  may  alter  this  result  considerably,  but  above 
VHB',  the  price  of  utilizing  a  higher  frequency  than  absolutely  necessary 
is  evident. 

The  performance  parameters  of  significance  are  seen  to  be  the  per-element 
power  and  the  system  temperature. 

2.  Effect  of  Array  Configuration  on  System  Performance. 

In  discussing  achievable  element  power  and  system  temperature,  two  classes  of  array  con¬ 
figurations  can  be  delineated.  They  are  conveniently  designated  by  the  terms  active-element 
arrays  and  passive-element  arrays  The  term  active  element  is  applied  to  an  array  which  uti¬ 
lizes  an  active  transiiiitter  and/or  receiver  with  each  element.  Passive  element  will  be  used  to 
designate  an  array  in  which  transmitters  or  receivers  are  placed  only  after  beams  have  been 
formed.  Thus,  in  the  former  category,  there  will  be  as  many  transmitters  and/or  receivers  as 
there  are  active  elements,  while  in  the  latter,  there  may  be  only  one  transmitter  and/or  receiver 
or  as  many  receivers  as  the  number  of  beams  desired  to  be  simultaneously  formed. 

Active-element  systems  are  potentially  capable  of  higher  radiated  power  than  ''single-feed" 
radars,  since  the  power  from  many  elements  is  effectively  "combined  in  space,"  circumventing 
the  breakdown  limitation  of  more  conventional  radars  using  single-feed  lines  or  small  numbers 
of  feed  lines.  Passive-element  arrays  generally  offer  little  increase  in  power  capacity  over  con¬ 
ventional  radars,  and  may  incur  additional  losses  of  a  few  decibels  over  those  of  some  conven¬ 
tional  radars,  due  mostly  to  lung  HP  linos  and/or  phase  shifter  losses,  They  do,  however,  rep¬ 
resent  economic  method  for  realizing  much  of  the  flexibility  of  operation  characteristics  of 
arrays  without  the  attendant  cost  associated  with  active-element  arrays. 

In  the  case  of  an  active-element  system  (Kef.  10,  pp.  79-81),  if  all  element  receivers  have 
the  same  effective  noise  temperature,  a  straightforward  analysis  will  show  that  the  effective 
temperature  to  be  used  in  the  radar  equation  is  that  of  a  single  typical  receiver.  This  is  true 
regardless  (jf  any  amplitude  tapering  accomplished  by  varying  the  element  receiver  gain,  so  long 
as  the  minimum  gain  used  is  sufficient  to  fix  the  channel  noise  figure  independent  of  postamplifier 
losses. 

In  passive-elemeni  systems, if  the  combining  system  were  lossless,  a  similar  statement 
would  hold.  Generally  speaking,  under  certain  simplified  assumptions  usually  well  approximated 
in  practice,  the  overall  noise  temperature  of  a  passive  element  can  be  approximated  by  con¬ 
sidering  all  RF  losses  equal  to  the  input -to-antenna  terminal  loss  of  the  feed  as  a  transmitting 
device. 

For  active-element  systems,  it  is  sometimes  preferable  to  use  separate  transmitting  and 
receiving  arrays,  since  such  an  approach  can  be  a  useful  method  of  coping  with  the  severe  pack- 
aging  problems  in  such  arrays,  particularly  at  higher  frequencies.  Separate  arrays  can  also 
eliminate  the  need  for  many  high-power  duplexers,  a  factor  that  may  lead  to  a  cheaper  radar 
over  years  of  operation. 
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B.  Array  Beam-Forming  and  Beam-Steering  Methods 

In  the  following  sections,  methods  of  realizing  the  array  illuminations  discussed  in  Secs.  II-A 
and  II-B  will  be  surveyed  (i.e.,  methods  of  forming  and  steering  the  beams  from  arrays).  For 
simplicity,  linear  array  configurations  will  be  used  as  illustrations.  The  extrapolation  to  planar 
arrays  is  straightforward,  either  by  extrapolation  of  a  single  technique  or  by  using  "hybrid"  sy.s- 
tems  with  different  techniques  used,  for  example,  in  rows  and  in  columns.  In  systems  using 
separate  transmitting  and  receiving  arrays,  it  may  also  be  advantageous  to  use  different  tech¬ 
niques  in  the  two  arrays. 

The  systems  will  be  somewhat  arbitrarily  classified  according  to: 

(1)  Whether  they  (a)  form  a  single  beam  which  is  then  "steered"  in  space 
(beam-  steering  systems),  or  (b)  form  a  family  of  stationary  beams  which 
"blanket"  the  angular  regions  of  interest  {multiple  beam  -for  ming .  or, 
more  briefly,  "multibeam"  systems). 

(2)  Whether  the  method  is  (a)  adaptable  to  passive-element  arrays,  or  (h)  re¬ 
stricted  to  active-element  array  configurations. 

These  distinctions  are  often  loose  and  subject  to  argumentation.  For  example,  techniques 
that  arc  low  loss  and  adaptable  to  RF  plumbing  configurations  will  generally  be  classified  as 
passive-elenioiit  systems,  even  though  they  can  also  be  [profitably  used  as  components  of  active  - 
element  systems  by  the  insertion  of  transmitters  and/or  receivers  between  the  elements  and  the 
beam-forming  systems. 

Another  method  of  classification  which  will  ho  referred  to  occasionally,  distinguishes  between 
phased  arrays,  frequency-scanned  arrays  and  switched  arrays.  Tlie  term  "phased  arrays,"  while 
properly  applied  to  any  of  the  classes,  is  reserved  for  arrays  in  which  element  phasing  is  actually 
obtained  through  the  use  of  phase  shifters.  "Frequency-scanned"  arrays  change  phase  by  changing 
tlic  frequency  used.  The  term  "switched  arrays"  covers  what  has  been  described  above  as  multi¬ 
beam  systems,  since  such  systems  arc  often  operated  by  selecting  one  or  several  of  the  many 
beam  outputs  by  tlie  use  of  microwave  switches,  rather  than  providing  as  many  recoivers  and/or 
transmitters  as  there  are  beams  formed. 

The  various  techniques  to  be  examined  will  be  ap])roachod  either  from  the  transmiLLing  or 
receiving  standpoint,  as  most  a|>propriate  for  case  of  explanation  of  the  particular  technique. 

'riie  other  case  follows  from  reciprocity.  In  systems  using  nonreciprocal  devices,  such  as  am¬ 
plifiers,  transmitters  or  isolators,  one  can  conceptually  turn  the  nonreciprocal  devices  around 
and  then  apply  reciprocity. 

1.  Passive-Element  Beam-Steering  Techniques 

The  first  of  tlie  systems  to  be  described  is  the  class  that  forms  a  single  beam,  which  can 
then  be  steered  by  varying  the  phase?  or  time  delay  of  the  currents  in  the  respective  elements. 

Serial  UF  Feed  Systems:—  Figure  63{a-b)  illustrates  two  examples  of  serial  feed 
systems,  in  vrhich  the  elements  are  arranged  serially  along  the  main  line  (but  not  necessarily 
in  series  with  the  main  line).  They  consist  of  a  main  transmission  line  from  which  energy  is 
tapped  (in  the  case  of  transmission)  through  loosely  coupled  junctions  to  feed  the  antennas.  To 
steer  the  beam,  phase  shifters  are  added  in  either  the  "branch  lines"  between  junctions,  as  shown 
in  Fig.  63(a),  oi  in  the  "main  line,"  as  shown  in  Fig.  63(b).  The  amplitude  taper  is  established 
by  properly  designing  the  junctions.  For  example,  if  all  junctions  are  identical,  the  amplitude 
taper  envelope  will  be  approximately  exponential. 
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(a)  Using  branch-line  phase  shifters. 
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(b)  Using  main-line  phase  shifters. 


Fig.  63.  Basic  serial  RF  array  feeds. 

J^erha[)a  tlie  greatest  advantage  of  these  two  configurs'itions  over  others  to  bo  discussed  is 
thuif  mechanical  simplicity.  Tlte  configurations  arc  easily  adapted  to  construction  in  waveguide, 
using  cros.S"guido  diroctionai  couplers  or  radiating  slots  as  junctions.  They  arc  potentially  capa¬ 
ble  of  handling  full  waveguide  power  at  the  input  (within  the  limitations  of  the  phase  shifters)  and 
possess  the  loss  associated  with  the  corresponding  length  of  waveguide  plus  that  of  the  piiase 
shifters.  Perhaps  the  most  severe  limitation  of  this  feed  system  is  the  dependence  of  pointing 
angle  on  frequency  (sec  the  discussion  of  frequency  scanning  below). 

d'he  choice  between  the  configurations  of  Fig.  63(a)  or  63(b)  resolves  mostly  into  a  question 
of  phase  shifter  capability.  The  configuration  of  Fig.  63(a)  places  lower  power  handling  demands 
on  tlie  phase  shifters,  and  also  results  in  lower  system  loss  for  a  given  phase  shifter  loss.  On 
the  other  hand,  the  configuration  of  Fig.  63(b)  has  an  advantage  in  that  all  phase  shifter-s  will  have 
identical  pliase  .shifts  for  a  given  {pointing  angle  —  a  property  which  may  result  in  simplified  array 
control. 

Some  Practical  C-onsideration.s  in  KF  Feeds;-  Tlie  junctions  in  HF  food  systems 
may  bo  either  of  two  basUt  types:  (a)  thrcc-porl  devices,  sucli  as  the  "lee"  junctions  sliown  in 
Fig.6^(a),  which  ui'C*  characteid^ed  by  the  fact  lliut  tlioy  can  be  matched  completely  at  only  one  of 
the  tliree  ports,  and  (b)  four-port  devices  .sucli  as  the  "branch-line"  direclionul  couplers  indicated 
in  Fig.  64(b),  with  the  fourth  port  terminated  in  a  niatche<i  load.  'l'hi.s  type  can  be  ideally  matched 
at  all  ports. 

If  perfect  impedance  matches  could  be  iiiaintaincd  tliiougliout  an  array  feed  [in  the  case  (jf 
tlirec-port  junctions,  matched  in  the  sense  of  looking  into  ports  2  of  Fig.  64(a)),  the  three-port 
junction  would  usually  be  preferable  on  an  economic  basis.  However,  mutual  impedance  makes 
maintenance  ot  good  matches  difficult  when  wide-angle  scanning  is  requii’ed,  producing  systematic 
element  mismatches  with  scan  angle  (neglecting  end  effects).^ 

Two  distinct  effects  of  these  systematic  mismatches  in  RF  feed  systems  can  be  d.istinguished, 
although  both  will  generally  be  present  to  some  extent  in  any  feed  system  of  this  type.  The  first 
effect  arises  from  mult'ple  reflections  within  the  branch  lines.  If  one  considers  the  possibility 
of  a  mi.smatch  at  the  input  to  the  antennas  (points  A)  of  Fig.  64,  the  reflected  waves  will  travel 
backward  through  the  phase  shifter  (reciprocal  phase  shifters  assumed),  doubling  their  phase 


t  Random  mismatches  also  occur,  even  in  nonsconned  arrays,  due  to  component  lolcrunccu.  Their  effects  can  be  included  In  the 
quontily  of  See.  Il-D. 
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(a)  SecHon  of  feed  using  tee  junctions. 


Fig,  65.  Typical  array  functions  showing  spurious 
lobes  for  Ir^l  =  0.1  for  array  using  tee  junctions,  and 
Ii'a^b  I  =  0.1  for  orray  using  directional  couplers. 


shifts.  If  an  appreciable  pot'tion  of  this  reflected  wave  is  then  re-refleot.ec!  from  the  points 
marked  B  in  the  figure,  this  wave  passes  through  the  phase  shifters  once  more,  and  is  recoupled 
into  the  antennas  with  three  times  the  basic  phase  increment.  Thus  the  array  has  an  error  in 
illumination  corresponding  to  odd  multiples  of  the  basic  phase  increment  arising  from  multiple 
reflection  between  points  A  and  B.  In  the  case  of  the  three-port  junction,  since  they  are  nom¬ 
inally  matched  only  at  the  terminals  marked  2  of  Fig.  64,  essentially  all  the  waves  reflected  from 
A  will  be  re -reflected  from  point  B  if  the  array  is  large  (the  coupling  loose)  and  it  can  be 
shown  ^  that  the  resultant  illumination  coefficients  of  the  array,  the  a^'s,  are  related  to  the  orig¬ 
inal  coefficients  exp[— jnkDu^]  by 

CO 

2  (-1)^  expf-jnkD(2q  +  1)  ,  (86) 

q' o 

whore  is  the  voltage  reflection  coefficient  at  points  A.  Thus,  for  a  reflection  coefficient  at 
point  A  of  magnitude  0.1  (a  VSWH  of  1.2;  compare  with  Figs.  B5,  56,  and  57),  the  resultant  fai*- 
field  pattern  would  be  approximately  as  shown  in  Fig.  65  for  a  phase  shift  setting  corresponding 
to  a  Ihree-bcamwidth  pointing  angle  from  broadside. 

For  the  four-port  junctions  of  Fig.  64(b).  however,  points  B  would  ideally  appear  matched 
and  absorb  the  reflected  wave  from  points  A.  Even  if  points  B  are  systematically  mismatches 
with  a  reflection  coefficient  Fy,  the  resulting  illumination  is  of  the  form 

oo 

I  (-1)^' cx|)(-jnkD(2q  +  i)  u^l  (87) 

q-o 

Thus  the  eftei;t  of  antenna  mismatch  due  to  multiple  reflection  witliin  the  branch-Unc  phase 
shifters  is  improved  by  a  factor  of  Fj^  by  the  use  of  four-port  couplers.  Even  with  four-port 
devices,  tlic  results  of  Figs.  55  through  57  show  that  for  very  good  .sidelobe  control,  «  0.1 
(VSWfl  <  1.2  ;1)  may  be  required,  indicating  the  iniportam  e  of  accurate  impedance  matches  in 
arrays , 

The  second  effect  of  impedance  mismatches  is  the  cumulative  effect  in  the  main  feed  lino  of 
the  small  mismatches  of  the  many  junctions  in  a  long  array.  If  each  of  the  junctions  of  Fig.  63 
represents  a  slight  mismatch,  the  resulting  mismatch  at  the  terminal  of  tlm  main  feed  line  can 
be  quite  large.  The  reflected  energy,  represented  by  the  vector  sum  of  tlie  many  small  reflec¬ 
tions,  manifests  itself  in  two  ways.  First,  since  it  is  a  wave  traveling  the  wrong  way  in  the  main 
line,  it  will  radiate  a  spurious  beam  in  the  wrong  direction.  Second,  it  causes  an  input  standing- 
wave  ratio  which  varies  with  electrical  distance  between  junctions  in  the  main  feed  line. 

If  four-port  junctions  are  used,  it  is  apparent  from  B'ig.  64  that  the  reverse  traveling  wave 
couples  primarily  into  the  terminated  ports  of  the  directional  couplers,  and  the  spurious  beam 
is  eliminated.  However,  the  mismatch  at  the  input  to  the  array  will  be  present  in  both  cases. 

In  order  to  get  a  quaiititalive  feeling  for  the  main  line  mismatch  problem,  a  particular  ex¬ 
ample  can  be  easily  analyzed  and  some  general  conclusions  drawn  from  this  result.  Consider 
the  main  line  in  Fig.  63(a)  to  be  carrying  an  incident  (traveling  to  the  right)  exponentially  de¬ 
creasing  field  (all  couplers  alike)  of  the  scalar  form^ 

t  The  actual  decrease  would  be  in  the  form  of  steps,  but  for  a  large  array,  little  error  is  committed  by  using  a  more  tractable 
^'smoothed**  representation. 
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K.(2)  =  A  exp|-(^  +  jk)  7.] 

where  the  factor  a  determines  the  rate  at  which  enerfjy  is  coupled  out  of  the  feed  lines  and  a 
factor  of  expfjwt]  is  understood.  It  is  assumed  that  at  each  junction  (z  =  nl)  there  is  a  small 
i'eflection,  which  can  be  characterized  by  a  reflection  coefficient  1'^.  If  all  are  small,  we 

can  neglect  higher-order  reflections,  as  well  as  the  effect  of  the  reflection  on  the  transmitted 
wave.  If  all  r’s  arc  also  identical,  the  total  reflected  voltage  at  the  terminal  will  be 
N-1 

Kj.{0)  =  Ar  Y,  exp|-j2n<(k  -  j  ^)]  . 

n=o 


This  summation  is  a  geometric  series,  so  noting  that  L  =  Nf  ,  we  can  write  for  large  N, 


|K^(0)|  «A!r|  e-^ 


sinJkNf  —  ja] 

“j 


(88) 


The  total  reflection  coefficient  as  seen  at  the  input  )ias  a  magnitude 

1^) 

E.(0) 

which  has  the  form  shown  in  Fig.  66  for  large  N,  resembling  an  array  function  but  varying  with 
the  electrical  S|)ncing  between  junctions  in  the  main  line  I A^,  where  is  the  wavelength  in  the 
line,  For  the  case  of  Fig.  63(b),  tire  effect  of  tire  phase  shifter  s  must  be  included,  and  the  phase 
shift  between  taps  is  the  quantity  of  significance,  which  is  also  indicated  in  Fig.  66. 


Fig,  66.  Variation  of  terminal  reflection 
coefficient  with  junction  spacing  (phase 
difference). 


For  typical  values  of  a  (kZ),  the  peak  value  of  the  reflection  coefficient  is  appr  oximately 
(PJ/a)  I  r  I .  Thus  it  is  seen  tliat  j  Tj  |  may  bo  of  the  order  of  N  |  r  | ,  if  the  phase  shift  between  taps 
is  an  integral  multiple  of  180”  [which  is  the  ca.se  for  broadside  radiation  in  the  feed  of  Fig.  63(b), 
if  the  branclr  lines  are  of  equal  length).  The  region  of  1  over  which  this  high  reflection  coefficient 
exists  is  about  ^1  =  X/N.  or  a  phase  differential  of  360*/N  (a  change  in  beam  pointing  angle  of 
about  one  beamwidth).  This  phenomenon  is  appropriately  termed  resonance. 

If  broad  bandwidth  is  desired  of  a  serial  array,  a  =  mrr  is  obviously  to  be  avoided.  On  the 
other  hand,  for  narrow-band  arrays  of  the  type  of  Fig.  63(a),  it  can  be  shown  (Ref.  4,  Sec.  9.17) 
that  it  i  A  =  mAj  a  "resonant"  array  can  be  built  which  yields  a  uniform  amplitude  taper  for 
equal  couplers.  Thus  a  common  procedure  for  building  narrow-band  resonant  arrays  consists 
of  using  an  appropriate  waveguide  dimension  so  that  taps  can  be  one  wavelength  apart  in  the  guide 
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(thus  making  the  guide  resonant),  but  closer  in  free-space  wavelengths  to  realize  the  appropriate 
D/A. 


Frequency-Scanned  Array  Feeds;--  As  previously  pointed  out,  the  feed  types  of  Fig.  63 
are  frequency  sensitive  with  respect  to  pointing  angle  due  to  the  difference  in  line  length  between 
the  respective  elements  and  the  terminal.  This  fact  can  be  utilized  in  realizing  a  frequency- 
scanned  array,  as  shown  in  Fig.  67,  by  increasing  still  further  the  length  of  line  between  junc¬ 
tions,  while  holding  the  spacing  between  elements  fixed.  Relatively  small  changes  in  frequency 
can  be  made  to  produce  appreciable  change  in  element  phase.  The  differential  equation  relating 
the  change  in  pointing  angle  to  the  fractional  change  in  frequency  in  terms  of  the  length  of  line 
between  junctions  I ,  the  antenna  spacings  D,  and  tlie  wavelengths  in  the  line  and  in  free 
space  is 


‘‘«o- 


^  df 
D/X^  f  cos|^ 


1 


(89) 


(Xj^  may,  in  itself,  be  a  function  of  frequency,  as  in  waveguide).  It  is  seen  from  this  result  that 
the  effect  of  a  given  percentage  change  in  frequency  is  multiplied  by  the  ratio  (//Xj^)/(D/,\^),  com¬ 
monly  referred  to  as  the  line  "wrap-up"  factor.  From  Eq.  (89),  if  it  is  desired  to  scan  ±30"  with 
a  ±5  percent  froquo.ncy  change,  the  wrap-up  factor  slumhl  be  on  the  order  of  ten. 

In  order  to  accomplish  wide-angle  scanning  with  small  change  in  frequency,  large  wrap-up 
factors  must  bo  used,  and  obviously  the  larger  the  wrap  ‘Up  factor,  the  narrower  the  signal  band¬ 
width  that  the  array  is  capable  of  handling.  A  useful  rule  of  thumb  is  that  the  usable  array  per¬ 
centage  signal  bandwidth  is  on  the  ordei-  of  the  half-power  beamwidth  in  degrees,  divided  by  the 
wrap-up  factor.  For  a  1*  beam  and  a  wrap-up  factor  of  ten,  the  usable  signal  bandwidth  is  thus 
of  the  order  of  0.1  percent  (compare  with  Eq.{41)  for  a  constant-phase  feed). 

The  resonance  phenomena  previously  described  must  also  be  coped  with  in  tliis  type  of  array 
by  careful  junction  matching  or  the  use  of  branch  lines  of  different  lengtlis. 

In  goneral,  tlic  frequency  scan  technique  offers  the  advantage  of  simple  IIF  construction, 
which  is  paid  for  in  signal  bandwidth  restriction  and  the  nece.ssity  for  large  component  bandwidth. 
Although  a  planar  frequency  scanning  array  is  possible  in  principle,  if  a  largo  enough  W  is  used 
to  allow  successive  rows  to  be  connected  in  scries  with  a  line  length  of  I ,  it  is  common  for  planar 
array  applications  to  use  frequency  scan  in  only  one  direction,  with  a  different  technique  used 
for  the  orthogonal  .scan  direction  (frequency-scanned  linear  arrays  for  the  rows  of  uii  ari*ay,  with 
the  rows  fed  as  if  they  were  elements  of  a  phased  feed  of  the  type  described  below). 

KF  Parallel  Feed  Systems:—  Both  the  resonance  phenomena  and  the  fi*equency  de¬ 
pendence  associated  with  the  serial  feeds  can  be  reduced  by  the  use  of  parallel  feeds  at  the  cost 
of  more  complex  mechanical  structure,  which  usually  is  more  costly  i;o  fabricate  on  a  production 
basis  than  the  serial  feeds  discussed. 

A  basic  parallel  feed  system  is  that  of  Fig.  68(a),  in  which  all  antennas  arc  connected  to  a 
common  junction.  This  junction  is  essentially  an  N-way  power  divider  designed  to  give  the  de¬ 
sired  amplitude  taper.  It  may  consist  of  a  simple  junction  with  matching  transformers  in  the 

pntenna  lines  (analogous  to  three-port  junctions  in  that  no  isolation  is  provided  between  antennas) 

64 

or  an  N-way  hybrid  power  divider  giving  performance  analogous  to  th^  directional  coupler, 
with  isolation  between  elements  and  attendant  improved  performance  in  the  presence  of  errors. 
Note  that  Eq.  (87)  applies  to  parallel  feeds,  as  well  as  to  serial  feeds,  and  thus  indicates  the  re¬ 
quirements  on  impedance  matches  in  any  feed  using  four  ports. 
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Fig.  67.  Frequency  scan  feed. 


J  u  u  u 


Fig.  68.  Basic  RF  parallel  feeds. 
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Another  common  technique  for  realizing  parallel  feeds  is  the  "corporate”  feed  structure  of 
Fig.  68{b).  This  structure  also  can  make  use  of  either  three-port  or  four-port  junctions. 

The  frequency  dependence  {change  in  beam  pointing  angle  with  frequency)  of  par.allel  feed 
configurations  depends  mainly  on  the  frequency  characteristics  of  the  phase  shifters  and  the  junc¬ 
tions,  if  the  line  lengths  from  the  antennas  to  the  final  junctions  are  all  made  equal.  Thus,  if 
variable  delays  were  available  and  used  in  place  of  the  phase  shifters,  the  beam  pointing  angle 
would  be  essentially  independent  of  frequency.  When  phase  shifters  are  used,  the  feed  closely 
approximates  the  "constant-phase"  behavior  discussed  at  length  in  Sec.II-A-3. 

in  addition  to  transmission  line  parallel  feeds,  use  can  be  made  of  devices  which  are  antennas 
in  their  own  right  (so-called  "upUcal"  techniques).  For  example,  the  "pillbox”  antenna  (Kef.  4, 
pp.  456-464)  structure  shown  in  Fig.  69(a)  can  be  used  to  illuminate  an  array  of  "pickup"  antennas 
to  feed  a  linear  array,  as  shown  in  Fig.  69(b).  The  array  of  pickups  can  be  matched  to  the  pill¬ 
box  so  that  no  reflections  occur;  hence,  all  the  energy  is  collected  by  the  pickups  and  the  loss 
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incurred  is  only  the  normal  RF  loss.  By  the  use  of  a  folded  pillbox,  the  feed  can  bo  made  not 
to  interfere  with  the  pickup  structure.  If  the  back  surface  of  the  pillbox  is  made  spherical,  the 
array  can  be  scanned  over  fairly  wide  angles  mechanically,  by  motion  of  the  feed  structure.^^ 

The  cost  of  substituting  the  pillbox  for  a  corporate  feed  is  an  exchange  of  some  freedom  in 
the  choice  of  amplitude  tapers  and  packaging  conliguration  fur  a  simpler  mechanical  structure. 

The  Use  of  Passive-Flemcnt  Techniques  in  Active-Element  Systems;—  The  previous 
configurations,  which  are  basically  low  loss,  high  power  KF  techniques,  are  also  useful  as  dis¬ 
tribution  and  pha.sing  techniques  in  a<'tivc-clcmcnt  arrays,  V/hon  they  are  used,  little  amplifica¬ 
tion  is  required  in  each  olomont  for  high  "per-elcmcnt"  power  on  transmit  and  .low  noise  figure 
on  reception.  13y  contrast,  most  beam-forming  techniques  developed  expressly  for  activc-olomcnt 
arrays  will  bo  seen  below  to  be  quite  power  limited  and  quite  lossy,  thus  necessitating  the  use 
of  high-gain  transmitters  and  receivers  on  each  element. 

2.  Pa.ssivc-Flerncnt  Mu)ti|)lc- Beam- Forming  Techniques 

Another  class  of  arrays  is  composed  of  passivo-olement  feeds  which  can  generate  multiple 
beams  from  a  single  linear  array.  Each  beam  lias  a  different  pointing  angle  and  all  beams  have 
essentially  tlio  full  gain  of  a  single-beam  array  of  the  same  size  and  illumination  for  the  same 
pointing  direction,  aside  from  a  possible  increase  in  RF  j>lunribing  losses  over  u  single  array, 
bince  the  de.sircd  beam  is  achieved  by  selecting  one  of  several  terminals  of  the  array  feed,  the 
term  "switched  arrays"  is  often  used  to  characterize  such  techniques. 

The  key  to  realizing  such  systems  lie.s  in  a  rc-e.xamination  of  tlie  feeds  of  the  previous  sec¬ 
tions.  Such  feeds  form  a  beam  on  reception,  for  example,  by  cither  re-radiuting  (scattering) 
energy  wlien  thrcc-po?t  junctions  are  used  or  by  ab.sorbing  energy  in  the  termination  of  four-port 
devices.  Thus,  in  the  feed  using  directional  couplers,  when  the  signal  arrives  from  an  angle 
which  corresponds  to  a  pattern  null,  all  the  received  energy  is  absorbed  in  the  unused  terminals 
of  the  couplers.  For  the  same  arrival  angle,  feeds  using  three-port  devices  re-radiate  all  the 
received  energy.  The  question  arises  as  to  whether  this  energy  cannot  be  used  in  some  fashion 
to  form  more  beams. 

Serial  Multiple-Beam-Forming  Systems:-  The  first  affirmative  answer  to  this  ques¬ 
tion  was  apparently  supplied  by  Blass.^^  l^e  lechinique  is  based  on  the  serial  feed  of  Fig.  63, 
using  directional  couplers,  and  is  shown  schematically  in  Fig.  70. 
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Fig,  71.  Rear  view  of  120-element/  5-beam  serial  multibeam  antenna. 

(Courtesy  of  Moksoh  Electronics  Corporation.) 

If  a  transmitter  is  connected  to  any  of  the  beam  terminals,  each  coupler  leaks  off  a  fraction 
of  the  incident  energy  in  the  feed  line  toward  the  antenna  connected  to  ttiat  junction,  in  the  same 
manner  as  ttio  arrays  of  Fig.  63.  In  fact,  if  it  were  not  for  the  additional  feed  lines  in  front  of 
a  given  feed  line  (toward  the  anteiuia),  there  would  ideally  be  no  difference  in  operation  between 
this  configuration  and  those  of  Fig.  63.  However,  some  of  the  energy  coupled  toward  the  antenna 
is  subsequently  coupled  into  the  feed  lines  in  front  of  tiie  one  in  question.  However,  if  the  beams 
are  spaced  at  least  a  bcamwidth  apart,  for  reasons  that  will  be  discussed  later,  it  is  found  that 
this  secondary  coupling  has  little  effect  and  the  pattern  generated  by  each  feed  line  is  not  signif¬ 
icantly  degraded  by  the  additional  feeds.  Furthermore,  the  power  leaked  into  the  other  food  linos 
sums  very  nearly  to  zero,  and  little  power  is  wasted  in  the  terminations. 

The  phase  shift  between  elements  is  governed  by  the  "tilt'*  of  the  feed  linos.  This  configura¬ 
tion  is  particularly  adaptable  to  rectangular  waveguides  using  cross-guide  directional  couplers. 
When  wavegiiido  is  used,  the  array  is  capable  of  high  power  operation  and  has  fairly  low  HF 
losses.  A  i20-olemcnt,  5-beam  X-band  array  is  shown  in  Fig.  71. 

Brighamt  ha.s  pointed  out  that  Blass'  matrix  can  be  realized  as  a  delayed  array  by  using  a 
modified  configuration  which  can  be  represented  conceptually  as  shown  in  Fig.  72.  The  lines  to 
the  antennas  arc  areas  of  circles  of  radii  nD^.  The  broadside  beam  feed  is  placed  at  an  angle 
of  one  radian  fi  om  a  line  parallel  to  the  antenna  face.^  Additional  feeds  are  spaced  in  angle  by 
multiples  of  some  AG,  so  that  the  signal  travels  a  different  distance  nDAe  lo  reach  the  an¬ 
tenna.  If  the  transmission  lines  have  a  constant  velocity  of  propagation  v,  the  beam  pointing 
angle  of  the  m^  ^  beam  ^  is  given  by  the  solution  of 

sin£  =  —  mA0 
v 

Parallel-Fed  Multiple-Beam-Forming  Systems:-  An  extrapolation  of  the  corporate 
feed  structure  of  Fig.  68(b)  has  been  made  independently  by  Butler^^  and  by  Shelton,  The 

configuration  is  shown  in  Fig.  73,  using  directional  couplers  that  have  the  90*  phase  shift  property 
(e.g.,  branch-line  couplers)  and  fixed  phase  shifters  as  indicated. 


tPrivaie  communicalton  from  K.  Hrighuin,  S)'lvHnia  Eleciric  Products,  Waltham,  Mass. 

tNole  ihoi  the  same  technique  can  also  be  used  to  increase  the  signal  bcamwidth  of  the  serial  feeds  of  Fig.  63. 
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Fig.  74.  Family  of  array  functions  generated  by  parollel 
beam-forming  rrwtrly. 

A  signal  injected  at  any  of  the  bottom  terminals  excites  all  antennas  equally  in  amplitude, 
with  phase  differentials  of  odd  multiples  of  180Vn.  No  energy  comes  out  any  of  the  lower  ter¬ 
minals;  consequently,  the  device  must  be  ideally  lossless. 

The  array  functions  of  the  beams  generated  are  of  the  form  sinNx/sinx,  since  the  amplitude 
taper  is  uniform.  Specifically,  they  are 

sin^  |kDu  -  (2m  +  1) 

Arn**'*  =  - 1 - T  ' 

sin^  [kDu  -  (2m  +  1) 

as  indicated  in  Pig. 74,  with  the  N  main  beams  completely  covering  one  period  of  u.  It  can  be 
shownt  that  any  beam  shape  realizable  from  an  N-element  array  can  be  realized  by  properly 
weighting  and  summing  each  beam.  The  beams  specified  by  Kq.  (90)  cross  over  at  a  relative 
amplitude  o.f  2/ir  («<4db). 

TliG  construction  of  the  parallel  multiple-beam  configuration  is  not  so  straightforward  as  the 
construction  of  the  serial  type,  because  of  the  large  number  of  transmission  line  crossovers  re¬ 
quired.  However,  for  medium  and  low  power  applications,  the  device  can  be  compactly  con¬ 
structed  in  solid  dielectric  strip  transmission  lines.^ 

The  parallel  device  uses  fewer  couplers  for  a  given  number  of  elements  than  the  serial  feed, 
if  it  is  desired  to  form  a  large  number  of  beams.  If  N  is  the  number  of  antennas  and  II  is  the 
number  of  beams  required,  the  serial  configuration  requires  ND  couplers  while  the  parallel  con¬ 
figuration  requires  essentially  (N/2)  log^N  couplers  regardless  of  the  number  of  beams  required 
(for  the  straightforward  application  of  the  parallel  method,  it  is  required  that  N  be  a  binary  Jium- 
ber;  therefore,  log^  N  is  an  integer). 

A  limitation  on  Beam  Shape  and  Spacing  in  Multibeam  Arrays;—  The  beam  shapes 

and  beam  spacings  obtainable,  in  general,  from  any  multiple -beam-forming  feed  in  a  lossless 
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manner  are  not  completely  arbitrary.  It  has  been  shown  that  the  array  functions  of  the  beams 
formed  by  any  such  device  that  has  defined  input  and  output  ports^  (is  representable  by  a  scat¬ 
tering  matrix)  must  be  orthogonal  over  a  period  of  the  array  function: 


t  Woodward  and  Lawson  (Hef.  70)  essentially  prove  this  statement  for  the  appropriate  form  of  Eq.  (90)  fsr  line  sources;  in  array 
notation,  the  proof  can  be  found  in  Ref.  14,  pp.  221«227. 

tDelaney  (Hcf.71),  suninarized  in  Ref.  10.  'lliis  reference  also  thoroughly  examines  the  theoretical  and  practical  properties 
of  such  arrays. 

§White  (Ref. 72)  has  extended  this  proof  to  apply  to  any  multipls'beam  system. 
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/  =  k 


(91) 


-1/(2DA) 

>-[i/(2nA)] 


Aj(u)  A*(u)  dw  = 


i  :?‘k 


where  A^jlu)  and  Aj^(u)  are  the  array  functions  associated  with  the  and  the  k***  beam  terminals, 
as  defined  by  Eq.  (5),  and  the  asterisk  denotes  the  complex  conjugate. 

To  obtain  a  qualitative  feeling  for  the  significance  of  this  oi’thogonality  requirement,  let  us 
examine  the  implication  on  the  spacing  of  adjacent  beams.  We  shall  assume  the  array  illumina¬ 
tion  to  be  of  the  form  exp(— jknDu^]  (the  i^'s  may  still  be  complex,  but  the  steering  phase  term 

will  be  explicitly  stated): 


A^(u)  =  ^  ijj^  exp(ikinD(u  -  u^)] 
m 


A^'(w)  -  K  cx|>[  iknDfu-Uj^)] 
n 

where  Uj  and  are  the  pointing  direction  of  the  and  k^''  beams.  Applying  the  orthogonality 
criterion  yields  the  result,  tor  k  'Z  f  , 

X  Un!^  oxpIjknD(Ujj  -  u^]  =  0  .  (92) 

The  equation  indicates  that  the  beams  of  any  lossless  muUibcam  array  must  be  separated 
far  enough  so  that  the  difference  in  angle  between  the  peaks  of  adjacent  beams  is  equal  to  the 
difference  between  the  peak  and  the  first  null  of  an  array  function  which  v/ould  be  generated  by 
an  illumination  function,  which  is  the  squared  magnitude  of  the  illumination  actually  used.  Since 
squaring  a  tapered  illumination  produces  a  more  tapered  illumination,  it  is  apparent  that  beams 
from  illuminations  tapered  to  yield  first  sidolobcs  Lower  than  uniform  illuminution  must  have 
(crossovers  at  still  lower  levels  than  tlic  4db  associated  with  the  uniform  amplitude  case  from 
the  previous  section,  or  incur  an  amount  of  loss  proportional  to  the  extent  one  departs  from 
orthogonality. 

Eor  tlie  parallel  configuration  of  the  previous  setdion,  a  direct  and  quantitative  interpretation 
of  the  orthogonality  criterion  is  possible.  It  was  previously  pointed  out  that  any  roaliiiablc  shape 
from  an  N-elemcnt  array  can  be  obtained  by  weighting  and  summing  the  beams  given  by  Eq.  (90). 
This  can  be  done  by  the  use  of  additional  passive  circuitry,  as  shown  in  Fig.  75.  Any  such 
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Fig,  75.  Method  of  reolizlng  other  beam  shapes 
from  a  parallel  beam-forming  matrix. 
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'composite''  array  function  can  then  be  expressefi  as  the  sum  of  the  functions  of  Eq.  (90): 


Am(v) 


^  '^Mm 
m 


sin^  [kJJu—  (2ni  +  1) 
sin^  [kOu  —  {Zm  f  1) 


where  the  may  be  complex.  Application  of  Eq.  (91)  yields  the  requirement  that,  to  within 

a  constant,  the  weighting  coefficients  for  two  such  "composite"  beams  Aj^(u)  and  satisfy 


V  C  C*  = 

L  Nm 

m 


\ 

0 


M  N 
M  ^  N 


(93) 


For  the  important  case  wliei*e  it  is  desired  that  all  the  be  real  and  positive,  this  equa¬ 

tion  states  that  the  corubined  beams  can  share  no  common  C  's;  that  is,  the  number  of  beams 

in 

formed  must  be  reduced  from  the  N  possible  by  the  factor  of  the  number  of  beam  outputs  com¬ 
bined  to  make  up  the  composite  beams.  However,  the  possibility  of  using  the  same  beams  com¬ 
bined  with  the  that  are  either  complex  or  alternating  in  sign  remains.  For  example,  Fig.  76 

show.s  a  simple  combining  network  for  the  parallel  feed  system  which  produces  N/Z  sum  beams 
and  a  hiiuilar  number  of  difference  beams. 


Fig.  76.  Combining  method  for  obtaining  cosine 
(sum)  and  sine  (difference)  lapers. 


Anotlicr  corollary  of  the  orthogonality  criterion  is  that  a  device  losslessly  forming  mul¬ 
tiple  lioiims  wliicli  are  stationary  with  changing  frequency  is,  strictly  speaking,  unrealizable,^ 
since  orthogonality  requires  that  the  spacing  between  beams  be  a  constant  when  measured  in 
terms  of  beainwkUiis,  which  varies  with  frequency.  Thun  the  matrix  of  Fig.  72,  which  obviously 
maintains  a  pointing  angle  indoponclent  of  freipiemty,  must  have  a  varying  loss  with  frequency, 
but  this  can  be  kept  small  if  one  does  not  attempt  excessive  overlap  in  beams. 

Multiple  JJeams  by  "Optical"  Technique.s:—  In  addition  to  the  matrix  of  F'ig.72,  de¬ 
layed  arrays  can  be  realized  by  a  use  of  optical  techniques,  such  as  the  pillbox  antenna  with  mul¬ 
tiple  feeds  radiating  directly  into  space,  discussed  in  Scc,IlI-B-i,  and  other  "geodesic" 

.  .  .  73 

techniques. 

One  can  also  make  use  of  dielectric  lens  techniques  for  wide-angle  beam  forming  such  as 
43 

the  Luneburg  lens.  This  lens  is  characterized  by  a  radial  variation  of  relative  dielectric  con¬ 
stant  such  lliat  a  plane  wave  impinging  on  the  lens  from  any  angle  is  focused  to  a  point  on  a  diam¬ 
eter  opposite  the  tangent  point  of  the  wave  front,  as  shown  in  Fig.  77.  Thus,  by  an  array  of  mul¬ 
tiple  feeds  as  shown  in  the  figure,  a  multiple-beam  array  with  pointing  direction  independent  of 
frequency  is  realizable. 

t  First  pointed  ou(  by  Norman  Miller,  then  of  iUlB'Singer,  in  a  private  communication. 
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(a)  Focusing  action  of  lens. 


(b)  Array  configuration.  termInals 


Fig.  77.  Multibeam  array  using  Luneburg  lens. 


Fig.  78.  Beam  steering  by  use  of  phased  local-osciilator  signals. 


An  advantage  of  the  optical  techniques  over  the  transmission  line  beam-forming  system  is 
one  of  simplicity.  Again  as  with  the  single-beam  configurations,  significant  disadvantages  of 
such  Itrohniques  are  the  sui  render  of  some  freedom  in  amplitude  tapei'ing  and  resultant  beam 
shaping  and,  in  some  cases,  the  dielectric  loss  of  the  lens  itself.  In  addition,  some  geodesic 

feeds  incur  a  phase  error  limitation  on  the  number  of  beamwidths  from  broadside  at  which  beams 
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with  good  patterns  can  be  formed. 

Some  Methods  of  Utilizing  Passive-Element  Multiple  -  Beam-Forming  Techniques 
As  with  passive-element  beam-steering  techniques,  the  multiple-beam- forming  techniques  de¬ 
scribed  in  this  section  are  adaptable  to  active-element  systems  in  the  straightforward  manner. 
When  used  in  active -element  systems,  a  small  amount  of  loss  can  be  tolerated,  and  the  ortho¬ 
gonality  criterion  may  be  departed  from  in  order  to  realize  more  freedom  in  beam  shape  and 
spacing. 


3.  Active -Element  Beam-Steering  Systems 

In  this  section,  we  shall  discuss  beam-steering  techniques  which  require  the  use  of  active 
electronics  with  each  element,  due  to  the  use  of  a  frequency  conversion  for  injection  of  steering 
signal s. 

The  basis  of  most  such  systems  is  shown  in  Fig.  78;  the  key  to  the  operation  is  the  mixer 
in  each  element.  In  an  array  receiver,  the  mixer  may  be  preceded  b>  an  UF  amplifier  to  min¬ 
imize  the  noise  figure  degradation  of  the  mixer.  For  transmitters,  the  amplifiers  are  ’‘turncii 
around,”  with  the  RF  amplifier  now  becoming  a  power  amplifier. 

Beam  steering  is  accomplished  by  phased  local  oscillator  (LO)  signals.  The  mixer  is 
fed  with  an  LO  signal  v,  which  has  been  phase  shifted  to  be  of  the  form 

Vj  o  ^  exp(j(w  ^t  -  nor)i  ,  a  -kDv 
■'  n  ■' 

If  the  output  of  the  RF  amplifier  for  a  plane  wavefront  arriving  from  u  is 
^RF  ^  exp(j(a)l  +  kiiDu)] 

then  the  output  of  the  IF  strip  will  be  of  the  form 

(t)  =  A  exp[j(w  •-  t]  {a^  expljnklJ(v  -  u^)]} 

n  ^ 

where  is  a  voltage  gain  of  the  IF  amplifier.  The  sum  of  these  outputs  is  then  of  the  form 
of  the  array  function  of  Fq.(8)  for  a  linear  array.  For  transmission,  the  sign  of  the  LO  phase 
shift  must  be  reversed,  if  the  sum  of  LO  frequency  and  driver  frequency  is  transmitted. 

If  it  is  desired  to  use  such  a  system  in  a  planar  array  configuration,  double -frequency  con¬ 
version  with  two  mixers  can  be  used,  with  the  a  phase  (in  the  nomenclature  of  Fig.  3l)  informa¬ 
tion  inserted  in  one  set  of  mixei  s  and  the  (i  phase  shift  information  in  a  second  set. 

Conceptually,  this  method  of  beam  forming  is  a  constant-phase  type,  and  is  intrinsically 
capable  of  signal  bandwidths  of  several  percent,  as  discussed  in  Sec.II-A-3.  However,  certain 
practical  difficulties  arise  in  handling  broad  bandwidth  due  to  the  frequency  conversion.  These 
are  component  limitations  caused  by  the  fact  that  a  relatively  modest  percentage  bandwidth  at 
RF  can  become  a  large  percentage  bandwidth  after  frequency  conversion. 
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The  configuration  of  l*'ig.7a  is  also  prone  to  certain  practical  difficulties  which  should  be 
considered  in  the  design  of  such  a  system.  First,  high  frequency  mixers  generally  have  complex 
conversion  gains  which  vary  both  in  phase  and  amplitude  with  the  amplitude  of  an  LO  drive  sig¬ 
nal.  For  this  reason,  it  is  desirable  to  use  a  constant  amplitude  L.O  generator,  and  an  LO  phase 
shifting  technique  which  does  not  affect  the  absolute  amplitude  of  the  LO  signal.  Second,  since 
microwave  mixers  usually  couple  some  of  the  incoming  signal  into  the  LO  line  (thus  constituting 
another  form  of  mutual  coupling  between  elements),  some  form  of  isolation  should  be  provided 
in  the  LO  distribution.  Finally,  care  should  be  taken  in  filtering  the  LO  signal  to  remove  any 
components  of  noise  existing  at  the  signal  frequency.  Even  if  relatively  small  amounts  of  noise 
at  the  signal  frequency  ax'e  present,  the  mixing  operation  can  produce  a  component  of  noise  at 
the  output  frequency  which  will  be  at  least  partially  coherent  among  the  channels  of  the  array. 

Any  coherence  among  those  noise  inputs  can  result  in  a  much  higher  noise  output  (called  ‘'common 
LO  noise")  from  the  combining  network  than  would  be  the  case  if  all  the  noises  were  independent, 

4 

as  is  the  case  with  the  receiver  noise  in  each  channel. 

The  techniques  of  Secs.  and  IIl-B-Z  are  adaptable  as  LO  distribution  systems.  With 

the  methods  of  See.  III-11-2,  the  IjO  signal  is  switched  into  the  appropriate  beam  terminal.  Even 
the  frequency  scan  technique  of  Fig.  67  is  adaptable  to  the  J^O  feed  problem  with  some  modifica¬ 
tion.  The  basic  ada|)tation  is  shown  in  Fig.  79,  and  is  generally  referred  to  as  the  delay  line 
phase  shifter  or  scanner.  A  CVJ  control  signal  of  frequency  is  fed  down  the  c'elay  line,  and 
is  also  mixed  with  the  LO  frequency.  The  result  of  this  mixing  operation  is  filterr:!  to  select 
one  of  the  sidebands  (the  upper  sidobiind  indicated  in  Fig.  79).  The  resulting  frequency  is  then 
mixed  with  ttic  output  of  the  variou.s  taps  of  the  delay  line,  and  tlxe  opposite  sideband  selected  to 
yield  outputs  of  the  form 

v^(t)  =  ox|,|jWj  ,y|  oxpl-ju^nr]  , 

It  is  scon  tliat  Liu?  output  of  the  delay  line  scanner  ,  in  the  form  shown  in  Fig.  79,  always  pro¬ 
duces  lagging  pnases.  'I'o  scan  both  sides  of  broadside,  one  must  compensate  the  phase  of  each 
channel  so  tliat,  for  some  noir/cio  all  clemeiils  arc  actually  in  phase. 

4.  Activc-iOlement  Multiple-13eam-Forming  .Systems 

In  addition  to  adapting  the  muUiplc-boam-forming  technicjue.s  of  SeL.III-B-2  to  active-element 
arrays,  certain  techniques  exist  which,  because  of  such  factors  as  high  lasses  or  adaptability 
only  to  low-frcquency  techniques,  are  primarily  considered  as  multiple -beam-forming  systems 
to  be  used  only  after  amplification  of  the  signal  (in  the  case  of  reception)  or  prior  to  high  power 
stages  (in  the  case  of  transmission).  These  techniques  are  the  topic  of  discussion  in  this  section. 

A  multiple -beam -forming  system  using  fixed  phase-shifted  LO  inputs  usable  at  IF  frequencies 
is  shown  in  Fig.  80. ^  The  basis  of  this  system  is  as  follows:  coherent  LO  signals  are  .supplied 
with  relative  phases  of  0®,  90*.  180®,  and  270®.  By  resistively  summing  any  two  oscillator  sig¬ 
nals.  a  resulting  LO  signal  at  any  phase  angle  can  be  obtained  within  an  amplitude  variation  of 
3db.  This  amplitude  variation  can  be  eliminated  in  the  inixing  prot:ess  fallowing  a  re.sistive  sum¬ 
mation  if  the  signal  amplitude  remains  much  smaller  than  the  LO  amplitude. 


t  A  method  of  minimizing  such  noise  is  discussed  in  Ref.  10,  Part  2,  Ch.  HI.  Sec.  D. 
t  Described  in  detail  in  Ref.  11,  pp.  51-76. 
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A  difficulty  with  this  system  lies  in  mutual  coupling  between  the  LU  lines,  and  it  is  desirable 
to  make  the  LO  line  impedance  as  low  as  possible.  As  the  number  of  elements  and  number  of 
beams  formed  becomes  large,  however,  it  becomes  difficult  to  maintain  sufficiently  low  imped¬ 
ance.  One  could,  of  course,  compute  these  effects  and  compensate  for  them  in  advance. 

Another  class  of  techniques  involves  putting  the  fixed  phase  shifters  in  the  signal  channels. 
Conceptually,  such  a  system  might  consist  of  a  set  of  tapped  delay  lines  following  the  amplifiers, 
as  shown  in  Fig.  81.  Unless  the  delay  lines  are  very  loosely  coupled  to  the  output  lines,  one 
again  finds  that  second-order  effects  must  be  carefully  taken  into  account.  On  the  other  hand, 
if  the  coupling  is  very  loose,  large  losses  result. 


Fig.  81 .  Beam  forming  by  lapped  signal 
delay  line. 


Still  another  method  is  analogous  to  that  of  Fig.  80.  Instead  of  providing  quadrature  LO  sig¬ 
nals,  cjuadr'ature  signal  outputs  are  provided  fur  eacli  channel,  and  those  quadrature  signals  arc 
then  combined  through  passive  lumped  circuitry  to  form  the  desired  beam.  Again,  the  matrix 
must  be  carefully  calculated,  taking  all  the  loading  effects  into  account,  if  very  good  performance 
iti  terms  of  antenna  jxilterns  is  desired.  The  losses  are  usually  lai  ge,  since  the  matrix  dihving 
impedance  must  be  very  low  for  small  errors. 

Although  small  losses  are  usually  not  as  important  in  active-array  beam-forming  systems 
as  in  passive-array  types,  it  should  be  pointed  out  that  one  pays  a  manyfold  price  in  the  individ¬ 
ual  element,  amplifiers  for  large  losses  in  the  beam-forming  system.  For  example,  if  fur  some 
reason  it  is  elected  to  use  a  beam-forming  system  with  iO-db  more  losses  than  in  another  pos¬ 
sible  type,  it  should  be  realized  that  the  cost  of  this  choice  will  be  the  necessity  of  providing 
IO-db  more  stable  gain  in  each  of  the  N  array  channels,  if  noise  figure  degradation  is  not 
allowable, 

5.  Summary  of  Arr  ay  Beam-Forming  and  Beam-Steering  Techniques 

The  techniques  outlined  in  the  previous  sections  certainly  do  not  exhaust  all  possibilities  in 
this  field.  Rather,  the  methods  presented  outline  some  typical  examples  of  the  various  types  of 
techniques.  Not  only  are  many  interesting  and  worthwhile  refinements  of  the  basic  techniques 
possible,  but  also  a  marriage  of  different  techniques  in  hybrid  systems  can  produce  interesting 
and  useful  results. 
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